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Abstract In this paper, we will discuss the mixed boundary value problems for
the second order elliptic equation with rapidly oscillating coefficients in perforated
domains, and will present the higher-order multiscale asymptotic expansion of the
solution for the problem, which will play an important role in the numerical compu-
tation . The convergence theorems and their rigorous proofs will be given. Finally
a multiscale finite element method and some numerical results will be presented.
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1 Introduction

Let w be an unbounded domain of R” with a 1-periodic structure, i.e.  is invariant
under the shifts by any z = (z1,...2,) € Z", following Oleinik’s notation (see,
[18], pp. 42).

Suppose that w satisfies the following conditions:

(B)) w is a smooth unbounded domain of R" with a 1-periodic structure.

(B>) The cell of periodicity w N Q, Q@ = (0, 1)" is a domain with a Lipschitz
boundary.
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Fig. 1.1 Subdomain 2§

(B3 ) The set Q \ @ and the intersection of Q \ @ with the §y- neighborhood
(6o < %) of dQ consist of a finite number of Lipschitz domains separated from
each other and from the edges of the cube Q by a positive distance.

A domain ©° has the form: 2 = Q, U (R \ ), where 2 is a bounded Lips-
chitz convex domain of R" without cavities, Qo = U.cr.e(z + Q) C Q, Q, =
Qo N ed is shown in Fig. 1.1, T, is the subset of Z" consisting of all z such that
e(z+ Q) C Q, p(e(z+ Q), Q) > &, ¢ is a small parameter. The domain € of
the boundary layer has the form Q; = Q \ ©q as shown in Fig. 1.2. The boundary
0Q2¢ of a domain €2 is the union of 902 and the surface S, C  of the cavities,
Se =0Q°N Q.

Consider the boundary value problem of second order elliptic equation with
rapidly oscillating coefficients as follows

Lot = =g (ay (9 242 (x))—f(x) n o
op(uf) = _Viaij(g)w =0, on S (1.1)
ut(x) = i(x), on 562

where f € H™(Q), i € H'/?(dQ) are some given functions.
Suppose that

(A1) aij(%) = a;j(§), § = %, are 1-periodic functions in §.

(A) volnl? <ai;Enin; <ninl* y.n >0, £§€0Nw Y,...n,) €
R™.
(A3) a;j(§) =a;i(§),a;; € L*(R").

Fig. 1.2 Boundary layer €2
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Some homogenization results and their proofs for the mixed boundary value
problems of second order elliptic equation in a perforated domain were proved by
Cioranescu et al.(cf. [7]) in the situation: with the homogeneous Neumann’s condi-
tions (or Fourier’s ones) on the surface of holes, and with the Dirichlet’s boundary
conditions on the outer boundary part, under the assumption that the holes in the
reference cell O do not intersect the boundary dQ . Allaire and Murat (cf. [2])
derived the convergence theorem for the above problems concerning the case of
nonisolated holes. Oleinik (cf. [18]) studied homogenization for the mixed problem
for the elastic systems of second order equations in a perforated domain, and gave
the convergence results with order O (¢'/?) for the first order corrector. Conca and
Natesan [8] studied elliptic PDEs with oscillating coefficients, and determined the
numerical solution through asymptotic expansion, and article [9] which presented a
numerical method for homogenization problem through an integral representation
formula, via Bloch decomposition.

It should be pointed out that the homogenization method only describes the
asymptotic behavior of the solution for problem (1.1), as ¢ — 0 . However, in
many real problems, & does not approach to zero, and in fact ¢ is not very small.
For example, when we consider 3-D woven structures of composite materials,
even if we select ¢ in the range 1/10 ~ 1/100, it is extremely difficult to calculate
directly some mechanical fields such as stresses and strains. The number of ele-
ments is about 10° ~ 10'° . Therefore we would like to say that it is necessary to
seek higher-order asymptotic methods.

Lions (cf. [17]) gave the higher-order asymptotic expansion of the solution for
the Dirichlet boundary value problem of the equation —Au® = f(x) in a perfo-
rated domain ©° provided that f € C3°(2) . Oleinik et al. (cf. [18]) got rid of the
assumption of f € C3°(2) and presented the higher-order asymptotic expansion
of the solution for the Dirichlet boundary value problem of the elastic systems of
second order equations in a perforated domain 2° by constructing properly the
boundary layer. Observing carefully their proofs, it is not difficult to see the cru-
cial point that Friedrichs-Poincaré inequality is true in the unit cell, due to the
Dirichlet boundary conditions on the surfaces of holes. However, one can derive
on error estimate which is only of order ¢!/ in a domain without any holes or
in a perforated domain satisfying Neumann boundary conditions on the surfaces
of holes (see [7, 18]). It should be emphasized that the above method(i.e. periodic
boundary conditions on the boundary of the unit cube Q = (0, 1)") maybe does
not work for a subdivided periodic structure, due to the first-order or higher-order
asymptotic solutions u¢ ¢ H'(Q?) in latter cases. The crucial idea of the method
proposed in this paper is to use homogeneous Dirichlet boundary conditions on the
boundary of the unit cube Q = (0, 1)"). Specially it is suitable for a subdivided
periodic domain. In the next sections, we would like to compare the advantages
and shortcomings of periodic boundary conditions compared to the homogeneous
Dirichlet boundary conditions on 9 Q.

Our goals in this paper are to give the higher-order multiscale asymptotic expan-
sion of the solution for the mixed boundary value problems of second order elliptic
equation in a perforated domain, and to present a multiscale finite element method.
The rigorous proofs of all theoretical results will be given. Finally, some numerical
results will be reported.
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Throughout the paper the Einstein summation convention on repeated indices
is adopted, and C denotes a positive constant without distinction.

2 A Formal Asymptotic Expansion and the Construction of Boundary Layer

To begin with, let us give a formal multiscale asymptotic expansion of the solution
for considering problem (1.1). Set formally

+00 n
W)=Y e Y NeyaEDu’(x) @.1)
=0

ap,.. o=l

We next give the definitions of Ny, (§), Noya, (§), .. - Nopooy (§), 0j=1,2, .
nl<j<ll>1:

ONa, (E)y 3 ( .
8&( 1O ) = =3¢ (@ ®).in 00w )
0t (Noy) = —vidio, (€), on QN dw
Ny () =0 on 09Q
9 INaya, () d
3z (0O 527) = =5 (am ©Ne @)
_aalj(g);TzG) — Aoy (é:) + &alazy in QNw (2.3)
0t (Nayay) = —Vidia (E)Nay (), on QN dav
Nalaz(é) =0 on 8Q
where
R N;(§)
@i = el Q ~ / (al,(s)+a,k(5) fg )dg (2.4)
ONw
For (¢) =1>3
d ONay.a(®) . 0
T&(aij(S)m) = g (@igy (§)Nay..0 (E))
—dag, ,-(é)%—aalaz(sw%...a,(s), in 0N (2.5)
J

O¢ (Na]...ot,) = —V0ljq, (S)Naz...m (S)s on Q Now
Noy.oy(E) =0 on 9Q

Remark 2.1 Existence and uniqueness of Ny, (), ... Ny, .., (§) canbe easily estab-
lished by induction with respect to / due to the uniform elliptic condition (A,),
Poincaré -Friedrichs’ inequality and Lax-Milgram’s lemma.They are then extended
to the unbounded domain w in 1-periodicity. Without confusion we continue to use
No, (), ... Ny, . (&) to denote the periodic extensions.
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Remark 2.2 1t should be mentioned that the periodic functions Ny, (§), ...

Ny, .., (&) defined in this paper are different from those of some classical homog-
enization methods ( see, e.g. [2,4,7,13,15,18]), due to different boundary con-
ditions on the boundary dQ of the unit cell Q N w. Under the assumptions of
periodic boundary conditions, we know that periodic functions Ny, (§), Ny,a, (§)
and their normal derivatives are continuous on the interface Uzen o0E,, where
E. = e(z+ Q). However, the normal derivatives of periodic functions with homo-
geneous Dirichlet boundary conditions on d Q, generally speaking, are not contin-
uous on the interface. In section 4, we shall prove that the normal derivatives of
Ny, (&), ... Ny, o (§) are continuous in a sense on the interface d 0 under some
assumptions.

The homogenized equation associated with (1.1) is the following:

~ d ul(x)
Lu®(x) = ——(4;;
" (X) 8)(,‘ (al] 3Xj

) =a(x), on 9Q

)= f(x) in Q (2.6)

Remark 2.3 In the next section, it can be proven that the homogenized coeffi-
cients tensor of our method is the same as that of the classical homogenization
method under some assumptions. Furthermore, it is easy to see that £ is a symmet-
ric positive-definite operator, and there exists a unique weak solution of problem
(2.6).

For s > 1, define

u§<x>=u°<x)+Ze’ > Neypa DU’ (x) @.7)
=1

Ay ,Dt]:l

Generally speaking, u(x) does not satisfy the boundary conditions on d€2 for the
solution u®(x) in general domains. In order to catch the boundary effects on the
solution u®(x), we need to construct properly a boundary layer so as to improve
the accuracy of the approximation u¢(x), which is not an easy problem(cf. [16,

pp-121]).
Now define a boundary layer in such a way:

&b
Lou®b = —aixl_(aij(%)agtTj) =f(x) xey

uPx) =u(x) x eI =0QyNIY (2.8)
utt(x) =i(x) x €I

where , is abounded domain as shown in Fig. 1.2, and u° (x) is the unique solution
of the homogenized problem (2.6).

As a whole the approximate solution U¢(x) of the exact solution u®(x) of
problem (1.1) can be written as follows:

€0y 1,0 v @0 ot
sy = ut(x) =u’(x) + ;8 otl,.,.X,(;z,:l No,.o0,(E)Du’(x) x € Q, 29

utl(x) xeQ =9\ Q
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Remark 2.4 According to the definitions of Ny, 4 (§), a; = 1,2,...,n, j =
1,2,...1,1 > 1, one can derive Mg’b(x)lagzomag] = u{(x)|sq,naq,, and conse-

quently Uf € H'(Qf, 3S2). But, generally speaking, [8811]15 loqenae, #0, s>1,

where [ Bliz lag,nag, denotes the jump of normal derivatives of U{ (x) on the inter-
face 02 N 0L2;.

3 Some Preliminary Results

Just as it has been stated in Remark 2.2, the normal derivatives of cell functions
with the homogeneous Dirichlet boundary conditions on d O, generally speaking,
are not continuous on d Q. In this section, we shall discuss this kind of problem
and give some useful results.

To start with, let us make some assumptions on the holes Q \ @ and the coeffi-
cients a;;(§):

[HS]: The holes Q \ @ are symmetric with respect to the middle hyperplanes

Ay, ..., A, of the unit cube Q as shown in Fig. 3.1.
[MS]: a;;,i =1,2,...,n are symmetric, and a;;, i # j are anti-symmetric
with respect to middle superplanes Ay, ... , A,. Inparticular,a;; =0,if i # j.

Ifa;;j(§) C°(Q0 Nw), we can find a sequence of functions a(ﬂ)(é) e C*(QON
w) satisfy the following properties:

@) a(ﬂ )(5) are 1-periodic functions with respect to &;

(ii) aff)@) =a{)®):

(i) polnl? < anin; < wilnP, ae. £ € o, popu >0, [y =
(Zl lnl)l/2
and
1a® — a;ill coamey — 0,28 B — 00
ij ij llco(QNw) )
(0,1) (1,1)
(1f2, 1/2)
AZ
A1
(0.0) (1,0)

Fig. 3.1 The symmetry of Q
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(0,1) 1 (1,1)
11 1
2
(0,0) 1 (1,0)
3

Fig. 3.2 The sides of Q

Then it is standard to verify that(see, [4], pp.103):

| ®) _—
¢ —uf Iy o < C - sup lla]” — aijlcoggra
LJ

where u#)¢ is the solution of problem (1.1) with the coefficients ai(f )(%C).
Assume that the following results proven when the coefficients are C*° without

loss of generality. For simplicity, we next consider 2-D problems, in practice, the

corresponding results are also valid in higher dimensional cases ( n > 3).

Lemma 3.1 Let Ny, (£), Noyo, (6), .. . Ny, (&), 0j = 1,2, j = 1,2,...,1 be
the solutions of problems (2.2),(2.3) and (2.5), respectively. Under the assumptions
(HS), MS), and a;;(§) € C%(Q N w), then one can prove that Ng, (§), Nyyoy (8),
“ Ny (), aj = 1,2, j = 1,2,--- ] are symmetric or anti-symmetric with
respect to the middle hyperplanes A;,i = 1, 2 of the unit cube Q, e.g.

Ni(61,8) = —Ni(1 = &1, &), Ni1(¢1,82) = Ni(61,1 = &);

Ny>(&1,86) = Nao(1 — &1, &), Ny(&1,86) = —N2 (61, 1 = &);

Ni(§1,6) = Nu(l — &1, &), Ni1(61,82) = Nui61, 1 = &);

N (&1, 62) = Nao(1 — 61, 62), Nn (1, 82) = Nnp(&1, 1 — 82);

Nia(§1, &) = —Nio(1 = &1, &2), Nia(51,82) = —Nip(61, 1 — &);

No(§1,86) = —Nau(1 — &1, &), Na1(§1,82) = —Nu (61, 1 — &).

Proof Lemma 3.1 is a straightforward consequence from the definitions of cell
functions and conditions (HS) and (MS).

One of our aims in this paper is to prove that the normal derivatives o (Ny, ),
0t (Nyya,)» 0 (No,ap,) Of cell functions are continuous in a sense on the interface
d Q under the assumptions of (HS) and (MS), by means of Fourier analysis. How-
ever, one cannot directly use Fourier transformation in the unit cell Q N w with
some holes. To this end, from conditions (A;) — (A3), (B;) — (B3), (HS) and
(M), one can extend the functions a;;(§) in Q N w as the functions a;} (&) in the

unit cube Q = (0, 1)? such that they satisfy the conditions (A;) — (A3), (MS),
and a};(§) € Cc%Q).
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In practice, a;*j (&) can be given in such a way:

aj(§) teQNw
a;;(§) o) Ee€Vs (3.1
]/8 se VO

where ¢7,(§) € C®(Vs), and [|¢) ]I~y < M, and Vs = {§ € (Q\ o) :
dist(€,0w) < é},and Vy = {£ € (Q \ w) : dist(§,dw) > 8}, and § is a suffi-
ciently small positive number.

Assume that Ny (§), Ny ,,(§), - -+, Ny, ., (§) satisty the following equations:

{ s(,,<s>aNa‘j‘;:fj@))=—a%(al~*%<s>), in 0 a2
N;(E)=0 on 9Q
%(ama”ig;@) o (a©N©)

ING, (§) ah O L, i 0 (3.3)

—a, (&)

0&;
Ny o, (§)=0 on 090
where
ON*
Otlolz - / Aoy é) + ‘1211‘(5) aag(S))dE (3.4)
J
For () =1>3
d ., . ONy &) _ .
_5 a'-(é)T) = _8_"§,( ,al(é)Naz...a,(f))
INg,..qE) | (3.5)

5, O L ONG 6. i 0
Ni o) =0 on 90

Similarly to Lemma 3.1, one can easily check that N (§), - -+, Ny, (§) are sym-
metric or anti-symmetric with respect to the middle hyperplanes A;,i = 1,2 of
the unit cube Q.

From (3.2), if let

A= (af© + ijai‘j(@azgg))
= j
Ao = (a5, 8) + ia;j(s)ai\ggf)),
pr
then it can be rewritten as follows:
—(A11)+—(A21) =0 (3.6)

06 &
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Set v(E) = (e2™E — 1) . (ei2™& — 1) m; # 0, m, # 0. It is obvious that

v e Hy(Q).
The variational formulation of equation (3.6) is the following:

2
27 ) i f At (€)@ — e MEYAE = 0, m - & = migy + maky
= 0

and consequently

ml(c’(il)m? (1) ) + m (df£111)'n7 d(gizz) = 0, m;j # 0, my # O (37)
where c;,),,, = ({Alleizm'édfa Co0 = f ApePmmiide,

miniy 0’112

dD = f A2]€i2nm-§d%-’ d(l) f Az]elzan&dé.
0 0

Lemma 3.2 Under the assumptions of Lemma 3.1, then it can be proven that the
corresponding Fourier series of the function F (&, &) = Ay1(&1, &) is absolutely
uniform convergence on [0, 1] x [0, 1].

Proof Set F(&1, &) = A (61, &) = (@], ) + X2, af, &) 23L&,

By means of Theorem 6.17, Theorem 6.18 of [10], and Theor/em 7.2 of [11],
the validity of the following procedure can be guaranteed under the assumption of
regularity of the coefficients.

For m; # 0, and my # 0, ¢'V
F&Sl 5 thus

\m, denotes the my, m, th Fourier coefficient of

1 1
~(1 i
l(nl)mz //Fézélel ﬂméd‘i;
0 0

If we integrate by parts with respect to &, holding &, fixed, then by periodicity
we obtain

11
Er(nl])mz = —i27‘[}’}’lz// Fg]eiznm'gd‘i"
0 0

Integrating by parts again yields

~(1)

¢ = —47°mimyclV 3.8)

mymy miymy

If we let Cop,, for my # 0, denote the m,-th Fourier coefficient of Fg,, then
Com, = —i2mmycom,, and similarly, for m; # 0, we have ¢,,0 = —i2wmcy,o.
Finally, we define ¢y to 0. Bessel’s inequality applied to F,, Fe,, and Fg, ¢, implies
that

+00

1 1
S el < / / [F2 + F2 + F2, Md&\de, (3.9)
0 0

mip,my=—0o0
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and by using Cauchy inequality, we obtain:
~ - - 1
D letl = <”|+Z|f,}?m2|—|+2|f,,‘30 |+z|g;z,||m—2|
1/2 1 1/2
<) &h 2
< kb1 (X ) (X )
172 1\1/2
o) (X 50)
W) (2
- 1\1/2
) (2-) (3.10)
my

Because of (3.9), the last sum above is finite. Consequently, we complete the
proof of Lemma 3.2.

Proposition 3.1 Under the assumptions of Lemma 3.1, we have

mlci(ﬂll)mﬂ +m dig11|)m7 = 07 nm;j 7é 09 myp 7é 0 (311)
Furthermore
mycy +mady =0, my#0,my#0 (3.12)

Proof Integrating on both sides of (3.6) with respect to &|, one gets

& &

1//2 a—sl(l\u)df +1//2 E(Aﬂ)d& =0
Consequently
&
A +¥ [ Auder | =0
172

Set Ay = f 15/]2 Aj1dE. One can directly verify that Aoy is symmetric and anti-
symmetric with respect to the middle hyperplane A; and A,, respectively, due to
A, are all anti-symmetric with respect to the middle hyperplanes A, A,. Hence

Aoi(E1, &) ~ D (=D e, cos2mm £y - sin2mmagy,  (3.13)

It follows from Lemma 3.2 that

E(Azl) =— Y (=1 Ay, cos2m &) - cos2mmaks + ¢ (€)

my,my
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Integrating on both sides of the above equation with respect to &, one gets

(_1)m1+m2

A21 - - Z Z—AmlmZCOSZﬂ'n’l]g] -sin2n’m2§2
mi,my Tmy
&
+/¢z(éz)d§2+¢1(§1) (3.14)
1/2

Comparing (3.13) with (3.14), it gives
27Tm2am]m2 = Amlmzv mi 5& 0, my 5& 0 (315)

On the other hand, recalling the definition of the coefficients of Fourier series and
integrating by parts, one gets

1 1
Cmim, = ‘//2\216‘0.8‘27'[7}11%'1 -sin2nm2§2d§1d$2
0 0
1

1 &
- / Sin2matsd, / ( / Ao (1, E)d)cos2mm & dé,
0 1/2
1 1 1
_ f f Aoy €)sin2rmy&, - sin2xmordéde,
27Tm1
0 0
1
=———Bum (3.16)
27‘[7’}11

Recall that A, Ay are symmetric and anti-symmetric with respect to the
middle hyperplanes A, A,, respectively, it implies

A~ Z(—1)”“+’"2Amlm200527{n11$1 - coS2mmy&, (3.17)

Ay ~ Z(—l)”“*"” B m,Sin2mwm & - sin2wmo€s (3.18)
Combining (3.15) with ( 3.16), this yields
mlAmlmg +m2Bm1m2 :O, mi #O, my #0

Comparing with the relation of the coefficients between real Fourier’s series
and complex Fourier’s series(see, [19], pp. 190), one can get

micl) 4 madlD =0, my#0,my#0 (3.19)
Combining (3.7) and (3.19), it leads

myc\D +madih) =0, my#0,my#0 (3.20)

0m,

Therefore the proof of Proposition 3.1 is complete. O
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Theorem 3.1 Under the assumptions of Lemma 3.1, it can be proven that o (N7),
oz (N}) are continuous on the boundary 3 Q, where og(N{), o¢(N}) denote the
normal derivatives of N{ (§) and Nj (&), respectively.

Proof Setv;(£) = e!?™™25 — |, the variational formulation of (3.2) can be rewrit-
ten as

/[Au]vl(%‘)dr +i2wmady)) =0 (3.21)

A

where side /; as shown in Fig. 3.2, and [A ;] denotes the jump of the function A
on the side /1 of Q.

Since A1l = Ay, i.e.[A11]l;, = 0, one gets dé],)nz =0.

Putting it into (3.20), one has ¢}, = 0.

Setting v, (£) = e/>™™ & — 1, the variational formulation of (3.2) can similarly
be written as:

/ [A21]v2(§)dT + i2mycl)y =0 (3.22)
I3

where side /3 as shown in Fig. 3.2, and [A,;] denotes the jump of the function A;,
on the side /3 of 9 0, and consequently

/[Azl]vz(é)dl" =0 (3.23)
Integrating directly on both sides of (3.2), one has
/ag(Nl*)dF =0 (3.24)
a0

Observing that fz [A11]dT = 0, thanks to Lemma 3.1, and using (3.20), one derives

fz [A1]dT = 0.
To summarize the above results, one can deduce that

f [An]e™™édE =0, Vmy € Z

The completeness of the function family {e _oo Iimplies that
[A21]l;; = 0. Hence we deduce that oz (N}') is continuous on 9 Q.

The remainder can be completed in a similar way.

From Lemma 3.1, one can directly verify that o¢ (N7,), o¢ (N3;) are continuous
on the boundary d Q. Only we next consider o¢ (N7;), 0z (N3;).

2 *
From (3.3).let A1 = (@, (ON{ () + 2 af; () ).
j:

i2mm & }+OO
my=

aN
Aoy = (az,(s)N] (E)+Z as; (&) “@))

l3
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Similarly to (3.7), one gets

. 11 (11) 11 (ll)
—i2mmy (el — mlO)—lZTrm @\h —dg,)
1
=D+ 4o mi #0,my #0 (3.25)
where Cl(1:11n)12 fALll(%—)eiZHm-édg’ Enllo) — fAl ll(é)eiZTImlgldE

11 2
B =/ Az]l(f)elznmgdé i, = Q£ A 11 (§)e>mmRds and cf), .
w

c,(ﬂ1 1)0, 6822 are stated in (3.7).

. 9 3 [ . 2 NS
Setting G (&1, &) = 3—52(A2,11) = a—&[aﬂ(éﬁ)N1 &) —i—jglazj(é)w;‘], and

following along the lines of the proof of Proposition 3.1, one has the following
proposition:

Proposition 3.2 Under the assumptions of Lemma 3.1, then we have the following
equalities:

—i2mmycl) —i2mmadl\l) = —c) o omy#£0,my#£0  (3.26)
and

12nmlc + i2mm d(()inlz) = C;(rjl)o + c(()ln)z myp #0,mp #0 (3.27)

Theorem 3.2 Under the assumptions of Lemma 3.1, it can be proven that oz (N, ),
aj = 1,2, are continuous on the boundary 3 Q, where os(N,, ), aj = 1,2 denote
the normal derivatives of N* (&), respectively.

()(10[’)

Proof Set vi(§) = (e/2™% — 1), v,(€) = (e!>™™% — 1), then the variational
formulations of equation(3.3) are the following:

/ [A111(E)]v (§)dT = i2mwmady) — cfi
L

f (g1 ) ]a(€)dT = i2rmycl ) — Dy

Proposition 3.2 ensures that
/ [A111(E)]vi (E)dT + / [A211(E)]2(6)dT = i2wmady,) +i2mwmc)y )

—con, —cilo =0 (3.28)
Set A, —f[l\l nle?mAde, |, —f[Az nle?mEide my #0, my #0;

f[Al 11]d§2, wo = [[A2111dé;.
I3
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(3.28) implies that
Amy — Ao+ iy, — o =0 (3.29)
Integrating directly on both sides of (3.3), one gets Ao + 1o = 0, and consequently
Amy + MUmy, =0, mp #0,my #0 (3.30)

Let m, — +o0, for any fixed m, and using Riemann-Lebesgue lemma (see
[19]), one derives p,,, = 0, for Vm, # 0. Similarly, one has A,,, = 0, for Vm, # 0.
Hence one can deduce that [A; 11] = const, [Az,11] = const. Therefore it implies
that o¢ (V) has a constant sign in the neighborhood of 9 Q.

The fact [ 0¢(Nj;)dT = 0 gives 0z (Nj;)|so = 0. Similarly, one can prove

00

that oz (N},)]s0 = 0.
The proof of Theorem 3.2 is complete. O

Theorem 3.3 Under the assumptions of Lemma 3.1, we can say that (N 4,,.),
aj = 1,2, are continuous on the boundary 0Q, where oz (N} ) denote the
normal derivatives of N (6), aj = 1,2, respectively.

10203

10203
Proof Following along the lines of proofs of Theorem 3.1 and Theorem 3.2, one
can easily complete the proof of Theorem 3.3. O

Remark 3.1 It should be emphasized that, generally speaking, o (N7;;,) is not con-
Ny

tinuous on the boundary dQ, due to [ oz (Njy,)dT =/ (a* g aleikl>
30 1

d& # 0. Therefore, under the assumptions of Lemma 3.1, at most one can obtain
the error estimate with order O (&%) for the multiscale asymptotic methods.

4 Further Results

In this section, we shall give the further theoretical results, i.e. the normal deriva-
tives of cell functions Ny, (§), Nu o, (§), Nojayes (§) defined in the unit cell 0 N w
are continuous in a sense on 9 Q, i.e.

Theorem 4.1 Let Ny (&), ..., Ny, ..o (&) be the weak solution of problem (2.2),
(2.3)and (2.5), respectively. Under the assumptions (A1)—(As3), (B1)—(B3), (HS),
(MS), and a;;(§) € C%(Q Nw). ForYv € H! (0O Nw), then it holds

per

N, fo
| | viaij——v(£)dT¢| < C -8~ .1)
dE;
a0
N, ...
|fvl-a,-j 8‘2 L u(€)dT| <Cc.§% 1=23 4.2)
J
a0

where C is a constant independent of ¢.
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By Theorems 3.1, 3.2 and 3.3 in the previous section, it only remains necessary
to compare with the difference between a set of functions Ny, (§), Ny, (6), Neayasas
() and the corresponding ones N, (§), Ny . (§), Ny 4,4, (§) in the unit cell 0 New.

To start with, following along the lines of proof of Lemma 4.1 of [18, pp. 45]),

one can extend Ny, (§) in the unit cell Q Nw as the function Nal (&) in the unit cube
O such that Ny, € H'(Q), and || Ny, |l1,0 < C|I N, ll1.0n0-_
Recalling condition (B3), and setting w(§) = N;l — N, € HOI(Q), then we

have

INS d(NS — Ng,) (N — Ny,)

/ ar e 2y dE = — / ar, e el e (4.3)
1 0E; 0&; ! 0&;

9]

and the variational form of (2.2) is the following:

ONg, dNg —=Na) [ Ny — Noy)
/ Clij a%_] 85, ds = /‘a,ala—&dé (44)

O0Nw ONw

Subtracting (4.3) from (4.4), it gives

O(N* — Ny )d(N* — N,
Of/a,-j("‘ ) (NG, l)d
0§, 0§;

3

N, \ ONE — Ny,)
=— F g ) e ey
/ (Cllal + alj as] ) agl ‘i:

N / a'*_a(Nal — N;) (N} — Ngy)
Y 9E; 0§;

de 4.5)

1.e.

AN, \ d(N* — N,
Ny PRI AN
0§, 0&;

f o 9oy = Neo) 8WNoy = New) (4.6)

MUY o8,

Hence

.- LONZ — No) d(NZ — Ny
81/8”Na1 - Nal ”%’Q\g, = / aij = - a l d
& 0&;

. 0Ny \ONE = Nay)
=- / (aial +aij a%—jl> l : d§

§

0§;

< C-|IN, — N 1. 0\a (4.7a)
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1.€.
IN} — Neyllow < C - 8778 (4.7b)
In particular
INZ = Noylly, < C - 67178 4.7¢)
Let
3 N* - Na a N* — Na
118 = —/ai*a Mdg’ I?: _/a;ka ( o l)dS
: 0&; ! dE;
Vs Vo
N, d(N; — N, aN, d(N* — N,
1§=—/al O “) ge. 1§=—/ e Ny = New)
7 9g; & 7 9E; AE;
Vs Vo

L= —/a.*.a(N;‘ — Naw) 9N, N‘”‘)ds <0
’ T 0 -

/ L A(NZ — Na) (NS — Nay)
Y 9g &

|11|—|/,m “‘_ d€|<C/|V( — No,)ldg

-~ 1/2
< CING, = Ny v, <m€aS(V5)> (48)
< C 82N} — Nuy v,
< C iz 518 ol . §3/8
It follows from Lemma 3.12 and Remark 3.15 of (see, [15], pp.112-116) that
~ ~ l/y /s
19N o = ( / VR dg) " = Cof / VN, 'dg) " =M (49)
Vs ONw

Where1<y<)/0=44ﬁ, 4/3 < s < +o0.

Ny, O(N; — Noy)
15 — * 1 o) 1 d
L] '/“” o o5
<cC. /|VN |V°dg /|V(N* No)lo" ldg) "
Vg VS

Vo 1
< C Mo lhmoro ([ 1V, = R 7)™
Vs
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-l

* N7 o BN
=C- ([ IV, = N1
n-!

Vs
= C2‘[(/1 ) (/|V<N::, — Rurag) ™ ]
Vs Vs

7—2 __n my*;] 3-8
=C;- [3 200-D . § 8<Vo—1):| =Cy-8m =C,- §Po (4.10)

where 0 < By < 1/8, if yy is close to 4, then we have
||+ < C.smnCRb) < C . b @.11)

From (4.5) and I} < 0, we have

dE <D+ I8+ 1)+ 1)+ 1) (4.12)

0 / (N — Nu) 3N — Nay)
< ..
=] T e 08,

ONw

If |10 4 19 + I9] < (Cy + C2)8P, from (4.12), then it leads
IN} = N ll1.0n0 < C - 5% (4.13)

Otherwise, if [I{ + 19+ 19| > (C;+C»)8f > 0, from (4.5), one has I) + 1) + 1Y >
0, and consequently

L (NG — Ng)) 0(Ny, — Na')d

8% _ N |2
8PNy, = Nyl y, = /“i./ JE; d&; :
Vo
Ny, (NS — Ny
S_/(a;kal_i_ai*j 0(1) ( (03] l)dé
8’;’1- aél
Vo
< C-3"*ING, = Neylhowy (4-14)
ie.
ING = Nyl < C (3140)
Hence

A(N* — N, .
11| = |fa;;1“’jT‘)ds| < 81/8/ |V(Ng — Noy)ldé

Vo Vo
< C-8"*IN; — Noylliy, < C - 8" (4.15)

d(Ny, — N*) d(N* — N,
|1§|=|/a,-*,- (Mo~ ) 20~ M)
Vo

9&; 0§

< C-8"*IN; — Ney Iy, < C - 8" (4.16)
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. ON,, d(N: — N,
|13|—|f o e )

d
“Uag, T og %
< C-8"8|IN} — Noylliw, < C - 8" (4.17)
and
I(N; — Noy) 3N — N
| / ajj Wea = Ne) € )dé‘l <(C+C8P+ 1+ 10+ 1)
0E; 0&;
ONw
< C.omnBP) = C.gf (4.18)
Therefore, we have
N, —Nal||1,Qm5c-3%°,0<5o <1/8 (4.19)

Let us turn to the proof of Theorem 4.1.

Proof Forv ¢ H per(Q N w), following along the lines of proof of Lemma 4.1

of [18, pp.45]), one can extend it as the function o € H'(Q) such that I]l1,0 <
Clivll, onw-

From (3.2) and (2.2), we have

BN* BN; v ov
—fval Lu(§)dTe +/ af ———d& = /afa —d (4.20)
79 7 0E; 0F; ' 9&;
90 0 Q

/ Ny, (&)dT + /‘ Ny, avdg / avdg @21
— | viajj—v a;j —d§ = — Qio, — .

T o5, : T og; ok 05

a0 ONw ONw

Recalling Theorem 3.1, and subtracting (4.20) from (4.21), one gets

N, d(No, — N2) du
/ Viaij——— %) “v(§)dle = /a,-ja—éj—dé

0&;
90 onw
ON* 99 ov
_ N JE — *—d 4.22
/a” a&; 0§ ; fala' 0&; s e
o\ 0\@

d(Ny, — Ng,) v *
| / djj——— 7748 = C - [Noy — Ny I, 0n0 IVl 000
0&; 9§

ONw

<C -8 vlh.onw (4.23)
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I/ N*)a LU

0&;
o N y %
_sc(/Wwwm—MQMA@) ([ vamae)
Va V&
r-!l
[P\ I 0
< C ol ([ 190 = NI de)
Vs
n-1
<c[(f1a “””‘/|V<Aul N;)Rag) ]
V5 VE
<C.8% —C.sh (4.24a)
— ) v 1/8 * ~
| oF, —d&| < C - §"8||N,, = Ny, w10l v,
Vo
< C -8l 0nw (4.24b)
, N, 0¥
L—dg| < C- 88N, b
I/ ai; %€, 5 & | Na, 11,0 10111,
< C-8"8INoy I orollvlh, oro (4.24¢)
INy, 3D - om N %
|/,j | < (/\vmmﬁu@)m~(fnwWWQ°
0§; 0§
yo !
< C-|vl1,00,000 /IVNaIIVO ‘d5> (4.24d)
Vs
ro—2 n-1
< C.|:</1'd$>2(m*1) ) <f|VNa1|2dE>2(y[] :I 0
V,; Vﬁ
n=2

—C-8m

37 m 1 2
|/a;ka1£d§| < C~(f1 dg f|Vv|V°d§> " <C.8n (4 24e)
i
Vs

Va VS

|/,M%da<c 8811011y, < C - Ivlhco.0nw - 878 (4.24f)
1
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(4.1) follows from (4.22),(4.23) and (4.24a)—(4.24f), and (4.2) will be shown at the
end of this section.

We next prove that the two kinds of homogenization methods are equivalent
under the assumptions of (H S),and (M S).

By recalling the definitions of cell functions in the unit cell O N @ in some
classical homogenization books( see, e.g. [4,16,18]), one has:

ai&(aij<g)3ai§)=—%(aial(s)> in QNw

z ag(ﬁal) = Vi, (E), on QN dw (4.25)
N, (§) is l-periodicin&, [ N, (£)dé =0
ONw
5 1 aN;
aij = 0N o) / (aij(f) +aik(é)$)d$ (4.26)
ONw

Forv € H,,,(Q N ), the variational form of (4.25) is the following:

. 8N“1 3_vd = ) a_vd 4.27
/at](%‘) 3%‘] 8%_1 g—_ / Ajg, asl %‘ . )
0Nw 0Nw

and the variational form of (2.2) is the following:

(Na)v(€)dT () e 0V g o g 428)
/UE o] UE) S_/au é) aéj a& %‘—/alotla& %_ .

a0 ONw ONw

Subtracting (4.28) from (4.27), this yields

d(Ny, — Ny) v
/Gs(Na])v(é)drs = / a;j(§) ——————d§ (4.29)
9§ 0§;
90 ONw
Setv = N, — ]\70”, it follows from (4.1) and (4.27) that
I Ney = Neyll1.0m0 < € -8 (4.30)

and consequently

s . 1 I(N; — N;) f
|ai; — aij| < / lai(§) ———=|ds < C-§~ 4.31)
Nw d
|0 IQ% &x

As § — 0, we have 51[/- = ¢;;. In addition, it is obvious that fQ% Ny, (§)dE =0,
thanks to Lemma 3.1. Therefore, we can obtain the following theorem:
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Theorem 4.2 It can be proven that
ij =dij, Nayy=No, ar=12,...,n (4.32)

Recall the definitions of Na]m in the unit cell Q N w in some books (see, [18],
pp.125, (1.17)):

3 dNy,a, 3 .

e A LA D)

i gsi i

aNotz X .
—dy, j (€] 35(%‘) - aalaz(g) + oo, 1IN ONw (4.33)
J .
0t (Nayay) = —Vitlia, §)Noy (), on QN dw
Nuyo, (8)is 1-periodic in &, [ Nya,()dE =0
ONw

From (2.3), (4.33) and (4.32), one can deduce that Nalaz (&) = No,o, (§) + C,
where C is any constants. Therefore, o (Ny,q,) are continuous on the boundary 9 Q
of the unit cell Q Nw. It is a straightforward consequence of the fact that o (]\70,10,2 )
are continuous on the boundary d Q of the unit cell Q N w.

Following along the lines of the proof of (4.1) in Theorem 4.1, and using The-
orem 3.2 and Theorem 3.3, one has

N 0 = Neycallt orw < ¢ - 8%, 1=2 (4.34)
Furthermore
8Not1~~~ot1 bo
| | viaij oF v(&)dlg| <C-62, [=2,3 (4.35)
J
90

Therefore,(4.2) in Theorem 4.1 has been proven.

5 Main Convergence Theorems

In this section, we shall give some main convergence results and their rigorous
proofs in this paper.

Theorem 5.1 Suppose Q° C R" is the union of entire cells satisfying the condi-
tions (By) — (B3), (HS), ie. Q= Uzere(z + O Nw). Let u®(x) be the weak
solution of problem (1.1) with the mixed boundary conditions, and uf(x) be the
approximate solution given in (2.7). Under the assumptions (Ay) — (A3), and
(MS), if aj; € CUQ®), f e HY(Q), i € HP20Q), u® € HT2(RQ), then it
holds:

C-e'2, if s=1;
”MS - ui”l,ﬂ‘S =< { C - 8min(3,s—J:)’ Uc 5> 2 (51)

where C is a constant independent of .
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Proof Assume that ©° is the union of entire periodic cells, i.e.
J— —_ &
Q = U.cre(z+ 0 Nw). Set Lou® = —i(a,.j(i)a—“_).

Taking into account the fact 88 — a‘jc + 8’1% £ =& 'x, we have

%:( BS)ZS Z Nay.a () D (x)

0x; 0x;
J ! Otj—l

Z No. a,(s)Daa” )

0 oy, ,0=1 Xj

et v WNaea®) g
= £ Z %€, D%u” (x)

=0 ap,...,q=1

Furthermore, we have the following equation which holds in the sense of
distributions:

d XU o e L, 3%u’(x)
oy (@50) =2 Z /(6N (€)D" 5

=0 Ay, =1

- Ny (E) ()
+Z Z @) =5 =D =

Ay, 0= 1

+Z -1 Z 0(@ij (€)Nay.oy (€)) |, 31 (x)

=1 3%‘, 8Xj
S e D N )
+;5 a]’m;.;]:l asl (au(f) 8.5;:] )D u (X)
+RC(87§7X)

From (4.1) and (4.2), we have || R.||o.sz. < C - §%/2, where E, = ¢(z + Q).
From (2.2),(2.3) and (2.5),if u® € H**?(Q), s > 2, then we have the following
equality which holds in the sense of distributions:

Lo —ug) = f(x)—

S Y g e ) ;*‘@)D“u%x)

Ay Uy =1

—|—8‘Y71 Z ais(aial (S)NOZZ'“OLH—I (€)>Dau0(x)

ap, ..o =1
n

467 Y e, ) Nay.a,) () DU (x)

ap,... o1 =1
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n

46 Y e E)Nayoa,,, () DU (x)

A yenn Qg2 =1
+R:(¢,§, x)
= Fy(e, &, x) + R.(¢,&, x) 5.2)

where || Fyllo.q < C - &L
It is not difficult to check that

&€

o (uy) = _Viaij(g)ax'
j

= 3 (0 (Ve i, () Ne (6)) D)
=1
O 53)

Suppose Ag:(u,v) = [ a;; (¥ )g;‘ g; dx, E,=¢(z+ Q),wehave
Qe J i

Agqe (ug —ul,u’ — uf) = <£,3(u8 —ub), u’ — ”5)
+2 / oe(u® —ug) - (u° —ug)dT,

zeTgaE:
= (Fo,u® — uy)
- f 0c () - (u° — u)dTx = (Fo,u® —u5)

€y,

_22/05(1\’&1 w)D*u’(x) - W — uf)dT,

zel; 1= 13E,

-> / R, - (u® — uf)dr, (5.4)

€Tk,

where || R0z, < C - &°.
From (4.1), (4.2),(5.2) and (5.3), one gets
luf —ullly g < C{-g™"3s=1 4 §ho/2)
< (C.gMnGs=b o g>9 (5.5)
Here choose a sufficiently small § > 0 such that §%0/2 < gminG.s=D,

On the other hand, for s = 1, if u® € H?(Q2), by means of Theorem 2.29 of [7,
pp- 45](Also, see [18, pp.124]), one has

luf —ullliq < C-&'/? (5.6)

Therefore the proof of Theorem 5.1 is complete.
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Theorem 5.2 Suppose that Q¢ is a bounded perforated domain satisfying condi-
tions (By) — (B3), (HS) . Let u®(x) be the weak solution of problem (1.1), and
us(x), u®?(x), Ui (x) be given in (2.7), (Z.S)End (2.9), respectively. Under the
assumption (A1) — (Az), (MS), ifaf/ € CO(QE), f e H(Q),iu € H'2(3Q),
then it holds '

C.-e'2 s=1

C- min{sl/z, L), s=2 (.7

lu® = U llho < {

. 2 12
where ¢ = 60 ([ (louen) dr) T, sz 2
920N

Proof Under the assumption of (H S) and (M S), using Theorem 4.1 in the previous
section, and Theorem 2.29 of [7, pp. 45] (Also, see [18, pp.124]), we have

lu® — il < C-e'? (5.8)

where Qj CC Q° as shown in Fig. 1.1.
On the other hand, it follows from the boundary conditions of N, (&) on the
0 Q and the trace theorem for boundary layer that

e,b 3 0 3 1/2
lu® = uPll e, < Cllu® = ulli 2000000, < Cllu® — ufllio; < C - (5.9)

For s > 2, if x € Q, then we have the following equation which holds in the
sense of distributions:

& & & & §— . aNa?"'OfH( ) o
Lo —UD) =L@ —u) =" Y e (6)— _ag.—l % perud )
A yenn Q=1 J

n

+8571 Z ais(aim(E)Nazn-a.\-ﬂ(E))Dauo(-x)

ap,... 0 1=1

n

+8S_1 Z amaz(é)Nazu-am(E)D“uo(x)

Q..o =1

n

+6' Y A E)Neyoa,,, () DU (x)

ap,... 0 p2=1

= Fi(¢,§,x) + Re(e, &, x) (5.10)
If x € Q, combining (2.8) and (2.9), then it holds

Lo —US) = Lo —u) = f(x) = f(x) =0 (5.11)
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Setting the text function v(x) = u® — U¢ € H'(Qf, 0Q), and combining (4.10)
and (4.11),one yields

/‘U(x)a(u —U)) a(u® — UY) /Fl-(uE—Uf)dx
ax; ox;
Qf QF
+ / [0 0p) @t — Uyar,
020N
—ZZ/%(NQ] o) YD%u®(x)
el 1=,y

‘(u® = U)dT

-3 / Ry - (u® = U{)dT,

zeTgaEz
From (4.1) and (4.2), we have

‘ 2 \12
I = Uflhae = e 5 ([ (o) ax) ]

Q0N
sc[gmf"<3»s—1>+( / <[68(Uf)])2dx)1/2] (5.12)
BISHALINA

Besides, following along the lines of proofs of ( 5.8) and (5.9)( see, [7,18]), we
have

lu® = Ufllig <C-'2,  s=2 (5.13)
Combining (5.12) and (5.13) leads
lu® — Ufllig < C-min(e'?,¢), s=2 (5.14)

A 2 \1/2
where ¢, = g”"Gs—D 4 ( i ([%(Uf)]) dx)
90N,
Therefore the proof of Theorem 5.2 is complete.

6 The Regularity Estimate and Finite Element Computation of Boundary
Layer

We first give a priori estimate result for the solution of boundary layer (2.8).

Theorem 6.1 Let u®’(x) be the weak solution of problem (2.8). Ifa;j € L= (), f
€ LX(Q), i € H'2(3Q), then it holds

lulie, = C(If log + Il 200) (6.1)

where C is independent of ¢, usb, f, .
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Proof Ttis easy to verify that (u®” —u®) € H'(Q,, I'*UJRQ) satisfies the following
integrating identity:

x\ 0utl(x) dv(x) 1 *

/aij (_) dx :/f(x)v(x)dx, Yuve H (21, " UdR)(6.2)
I axj Bx,-

Q Q)

where H'(2,, T*U3Q) = {v € HY(Q1), v|r~use = 0}, and T* = 92 N IQ,
shown in (2.8).
It follows from the conditions (A,) and (A3), and the trace theorem that

e 012 x\ 0wt —u® ast — u%
ollu™ —u'lliq < [ (=
& 3Xj 8)6,'

Q)

= /f(x)(ug’b(x) —u’(x))dx
Q)

/ <x) au’ 3w’ — u®)
g () ——— "7
J & 8xj 8)(?,'

Q)

= C(If o lu™ = ullo,
g e =l )
= C(If o + 1 lh.g, )1 = w1,
Therefore
= e, = (1 f ooy + 162,
and
1, < C(I /o, + 16°le,) = €(1f o + laly2.i0)

We now consider the boundary value problems only in the two dimensional
case without loss of generality.

Theorem 6.2 Suppose Q, 2 = Q\ Qo C R? are shown in Figs. 2.1 and 2.2. Let
u®?(x) be the weak solution of boundary value problem (2.8) with pure Dirich-
let boundary conditions. Ifaij(%) € Co(ﬁg), Veajj € L2(RQ), f € L*(Q), i €
W3/2”’(8Q), then there exists 1 < pg < +00, such that

utt e WHr(Qy), 1<p<po (6.3)

1™ ll2,p.2, < Ci(py &) - (I fllo,p.0 + llitll2 p.0) (6.4)

where C1(p, €) < Ce2, and C is a constant independent of ¢.
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Before giving the proof of Theorem 6.2, we shall consider the boundary value
problems over a concave domain Q' C R:

{—Au:f(x) in 650)

ux)=0 0’

Denoted by {0} j"’z , the angular points of ', respectively, and where 8,7, j =

1, ... M are the corresponding internal angles, i.e.

1
Bir<B=<---=<PBu, vi=-—

Bi
Given 1 < By < 2 implies that % <ym < 1. Let
Vi={lxeQ:ilx—ojl<r;}, j=1,...,.M (6.5b)
satisfy
Vinv, =0, Vo= \ULV; (6.5¢)

Lemma 6.1 [12] Suppose u is the unique solution of problem (6.5 a), and f €
L%(Q), then it holds

M

u(x) =y c;(fHu;(x) + U(x) (6.6)

j=1

where U € H* () N Hy (), ||Ull2 < C||fllo, and the constants c;(f) satisfy
lc; (O = Clifllo, anduj(x), j =1,2...., M are some functions independent of
f(x), u(x), and satisfy the following conditions

(Hy) Ify; > 1, thenu(x) = 0.

(Hy) If x €V, uj(x)=0.

(H3) If % < yj < 1, then there exists the following formula in a neighborhood of
o;:

;i
uj = pVisiny;0, if (p,0) € V; (6.7)

where Vi ={x e Q' : |x—ojl<r;}, j=12,....,M.
(6.7) implies that |D*u| < Cp? " in a neighborhood of ;.

Let us turn to proof of Theorem 6.2.

According to the finite covering theorem, there exist a finite number of points
Py, ... P, and the_corresponding neighborhoods ©O;, [ =1,...t, such that

HU_,0, D Q;

(ii) diam(O;) < Ry, Rp will be chosen below.

()Z; ={j:0;NO0; #0,}, o(I;) < so, where o(Z;) denote the numbers
of elements in Z;, respectively, i = 1, ...t and s is a constant.

Itfollows from the partition of unity theorem that there exist ¢; (x) € C5°(R"),

I =1,...t,suchthatO < ¢(x) < 1, suppgy C Op,and) ;_, p(x) =1, in
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Ifletu®® = _ uf,  ut’ = ¢ - u®’, then we have

Loul? =y - Lot + 1y (6.8)

where

= =S (ay () o i (5) G

x\ d¢; dusb 92
—a; (Z) 15 DOy e SO

(6.9)
ox; ax] 8)6,'8)6j
and ||¢|l2,, < Ce2, consequently
1
Imillo.p.oingy < C;Hua’blll,p,o,nsz, (6.10)

’
VR > 0, let w,(R) _max| max Ia,]( ) — aij(x—)|, x,x' € Q
i,j |x—x'|

For any fixed xo € O; N Qy, set A® = (qg; ]( 0)), it follows from (A3) that there
exists a orthogonal matrix 7 such that

el __ )\10 _
TAT_(O)\.2>_D

where T’ denotes the transpose of a matrix 7.
From (A;), we have A; > o > 0, i = 1,2. Iflet B = D™2T, then
BA*B' =1I,and ||B||, = |D~'?||, < 0~!/2. Hence

2

_ X0
IB7E= 1Dl < ) % =) ai(—>) < Mo
where M is a constant independent of €.

If let O; = B(O; N Qy), then 0(y) = v(B~'y) € W2P(0O)), for any v €
W2P(O; N Q), where p will be determined below.

Clvllz.ponar < 191,56, < C'llvi2p.0ns, ©.11)
Let
2 &b 2 g’b 250
= (2) 2 () (D —4»(’—“)3“’
gx) = al,/(g x;0x; = —(ai s dij )8x18xl i 8)653)6/
@ (22) =y (DI g4 mco + 5ty ()2
=—(a;; (— ) —a;; X X X a;
A / 0x;0x; : L g dx;

From (6.10), (6.11) and condition Vga;; € L*°(2), one derives

b
Igllo.p.oine, < @e(R)uy”ll2,p.0n

1
+C;”M&b”1,p,(/)m§21 + Clifllo.p.oine (6.12)
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On the other hand, if let 4" (y) = u{"*(B~'y), &(y) = g(B~'y), then

<x0> Fui” AT (y) B
a: | — = u;, s = DX
Y\e/ dx;dx; ey Y

and consequently
AP () = 8(y)
It follows from Lemma 6.1 and (6.7) that

~eb e b 0
1471, .0, < CAUAE g .0, + 14”112, p.000,}

= PNy, + 140112, p. 000} (6.13)

2By

wherel < p < pg = W < +o00, and B, depends on not only the maximum
e —
internal angle of €2, but the transformation B also.
Combining (6.11), (6.12) and (6.13), it leads

&b &b 1 &b
||u1 ||2,p,(9,mszl =< C(p){ws(R)llul ||2.p,(9mszl + 8—2”14 ||1,p,(9,ﬂ§21
0
+||f||0,p.01m91 + ”M ||2,p,(9]ﬁ§21}

If a;j (%) € C°(Q)), then there exists a constant Ry > 0 such that

we(R) < for 0< R <Ry

3C(p)
Hence
b _ b
4’112 p. 000, < C(P)e U] 1 p.one, + ILfllo.p.one, + 14’2 p.0na}
< C(p)e Xl fllo.p.one, + 14’2 p.000,}

Therefore

t t
b b b
I N2 pr = 1) S up Ny < ) i l2p.0ne,
=1 =1

< C(P)e I fllop.e + 1ull2,p.0}
= Ci(p. Ol fllo.p.a + iz, p.a}

In finite element computation of boundary layer, one needs to solve the modified
equation as follows:

0x;
it (x) = i(x), xe€dQ
iP(x) =ad(x) x el =03Q NI

~eb 0 J_CM: Q
Litt = g @ gD = fo. vem

where i) (x) is the finite element approximate solution of #°(x), and # is the size
of mesh for domain €.
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Let 7" = {e} be aregular family of triangulations for subdomain Q; = Q\ Qg

as shown in Fig. 2.2, h; = max {h.}, 0 < hy << 1.

ecFM e’
Define a linear finite element space

Vi (Q1)={v e C'(Q)) : vl € Pi(e), vlagynin, =in(x), v]sg = @(x)} (6.15)

Theorem 6.3 Let u®’(x), i®?(x) be the weak solutions of problems (2.8) and
(6.14) with pure Dirichlet boundary conditions, respectively, and let ﬁi’lb (x) be the
finite element solution of i** (x) in Vi Q). If f e LP(Q), i € W3/2P(3Q), then
it holds

. h _
s = a5’ oy < C{ho +h+ (8_21>}<”f||0,p,52 + I|u||3/2,p,89) (6.16)

where 1 < p < py < +00, and h is the mesh size of 2.

Proof 1t follows from Theorem 6.2 that there exists a constant 1 < py < 400
such that, if 1 < p < py, then #*% € W>?(Q,), and

_eb  ~eb e b
@7 — i, 1 p.ar < Chilld®® |l2,p.

hy _ g
< CEP{Ilopa + Wl pan + 122 0

Using the triangular inequality, one derives
eb  ~eb b _ =eb ~eb _ ~eb
u®? =yl poa < Mu®” =@\ pa, + 1857 = i@, |11 p.g,

0 ~0
<l —ayll,pe
h] _ ~0
+C(8_2){||f”0,p,§2 + i llz/2,p.00 + 1”2, p.0)
0 ~0 -0 ~0
<C{lllu” —u’lly,po + i —uylh, pe}

h _ -
FCEDU S lop0 + il pae + 171 p.0)
hy _
< C{ho +h+ (8_2)}<”f”0,p,9 + ””“3/11%39)

7 Multiscale Finite Element Method and Numerical Results

To summarize the theoretical results in the previous sections, one can conclude
that the multiscale finite element method consists of the following steps:

Step 1: Compute successively the functions Ny, (§), ..., Na,..q, (), s >1
given in (2.2),(2.3) and (2.5) in the unit cell 0 N w.
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Step 2: Solve numerically the homogenized equation (2.6) in the whole domain
2 in a coarse mesh.

Step 3: Solve numerically the boundary layer (2.8) in a domain €2; in a refined
mesh.

Step 4: Calculate successively the higher-order partial derivatives of the solu-
tion #°(x) of the homogenized equation (2.6) by using higher-order difference
quotients.

To do so, we need to implement the partitions for QNw, 2, and 21, respectively.
Denoted by hy, &, h the sizes of the corresponding meshes.

It should be emphasized that we cannot directly take higher-order partial deriva-
tives for the finite element solution ug (x) of the solution u°(x) for the homogenized
equation (2.6). Otherwise, one will get some meaningless results, for example,
D“ug(x) = 0, if |a| > 2 for the linear finite element. We now present the finite
difference method for calculating the higher-order partial derivatives of the solution
u®(x) . First, define the first-order difference quotient as follows:

d
Yo ”h]e( N,) (7.1)

eca(Ny) Xi

Sy ul)(N,) = ( )
P

where o (N ) is the set of elements with node N, T(N),) is the number of elements

of o (Ny), uh(x) is the finite element solution of u°(x) in §"(R), [auh] (Np) is
0
the value of the derivative % at node N, associated with element e.

Secondly, the higher—orderl difference quotients can be given

d

1 A,

556“1’.“%1”2(1\7,,) = Z Zaiall . h(P) LI (N (12)
T(Np) eca(Ny) | j=1 .

where d is the number of nodes on e, P; are the nodes of e, ¥;(x) are Lagrange’s

type shape functions, j =1,2...d.
In a word, a multiscale finite element method can be written as

s UpNp) + 3 €' 3 NI, EINS,,  up(N,), N, €9
*1(N,) = =1 ap..0=1 (7.3)

J N
e, b
ui"(N,)), N,eQ, s=1

Next let us show some numerical results.

Example 7.1 Consider the mixed boundary value problem of second order elliptic
equation with highly oscillatory coefficients as follows:

Lot = =gy (1) 20

)=fx), xeQf

o, (uf) = —viaij(%)wuj =0, xe€8, 7.4)

uf(x) =0 x e
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where ©° is a bounded perforated domain as shown in Fig. 7.1, S; is the surface of
holes, and 92 is the outer boundary of domain Q2°. Notice that ©2° is not the union
of entire periodic cells, generally speaking, the truncated function u¢(x) does not
satisfy the boundary conditions for the solution u®(x) on the boundary €2, so we
need to construct the boundary layer. The unitcell QNwis showninFig. 7.2, ¢ =

Case 1: aijo = 1.05,‘]', ajj1 = 20.08,‘]', f(x) = 10;

Case 2: ajjo = 1.06,’j, ajj1 = 11408,j, f(x) = 26"2+y2+10g(x+y+10);
Case 3: ajjo = 1.08,“/, aij1 = 00085”, f(x) = 10.

where §;; is a Kronecker delta.

L
12

A*2
7 (M N N EEE
(O | ]| (0| (] | ] | [0 (]| [o] | (u] | ]| (] | (|
(| ]| (]| (o0 | (] | ()| (]| () (o] | () ()|
| 1| (a0 | (o] | [w]| (o]} [0 [w] | (] ]| () (]| [
O | ]| @] (o] | ] | (30| (] | [0 [u]| ]| (]| (3
00| (0] (u]) (8] (u] | (8] | ()} (o] (m0 | (]| [s]) (O
| 71 (a0 | (u0 | (u] | (w7 (W0 ) (u]| [w] | [u] | &) (w0} (7
(1| (a0 | o] | (] | (]| [80 | ] | [w0| [u] | ]| (w0 |
(| [n] | (30 [0 | (o] | [m] | (w0 | [0 | (]| (] ()| 1
(1| [0 (]| (w0 | (x]) (] (o] | (o] | (]| (]| [0 (
(1| (w0 ()] (]| (o] (] | (]| [m]} ]| (]| [m]| (7
giogioooioaio|o -
(0,0) (1,0) x,
Fig. 7.1 The whole domain Q°
A
1
2/3
Z:
Lva
1/3 ijo
0 1/3 2/3 : T

Fig. 7.2 The unitcell Q Nw
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Table 1 The comparison of computational amount

original equation  cell problem  homogenized equation  boundary layer

elements 37696 1296 10224 3024
nodes 19813 1369 5245 1764

Table 2 The comparison of computational results

lleoll ;2 llesll, 2 lleall, 2 lleoll 1 llex |l 51 llea |l 1

[ U712 10312 4l 1 [T U5 111
Case 1 0.046468 0.009933 0.010026 0.191074 0.056482 0.055872
Case 2 0.083461 0.055794 0.055989 0.250699 0.086833 0.085923
Case 3 0.076103 0.056306 0.052530 0.395522 0.335061 0.304321

We first state that, in order to compute numerically the original problem in
a refined mesh, and to compare with the related computational results, we only
do numerical experiment for a simple model problems (7.4). If we do not need to
compute numerically the original problem in a very refined mesh, then we can treat
much more complex problems, e.g. heat transfer problems in 3-D porous media.
We now implement the triangular partition for °, which is such that the discon-
tinuities of the coefficients a;; coincide with sides of the triangles. The number of
triangles is 37696.

In order to solve numerically the cell problems (2.2),(2.3)and (2.5), the homog-
enized equation (2.6) and boundary layer (2.8), we implement the rectangular par-
tition for Q N w, the triangular partition for €2, and the triangular partition for Q,
respectively The sizes of the corresponding meshes are respectively hg = h=
hy = —.

For smfplicity, let u®(x) denote the finite element solution for the solution of
problem (7.4) in a refined mesh, and #°(x) denote the finite element solution for
the corresponding homogenized equation (2.6) in a coarse mesh. U} (x), U5 (x) are
respectively the first-order and the second-order multiscale finite element solutions
calculated by the formulas (7.3). Set ey = u® — u®, e; = u® — Ui, e, =u® = Uj].
Some numerical results are given in Table 2.
Figs. 7.3a-7.3d show some numerical results in Case 2.

36’
48’

Remark 7.1 Observe some numerical results shown in Table 2, we can deduce
that, if af (x ) in different parts of the unit cell Q N w are close, then homogeni-
zation has the better accuracy (see, Case 1), but if the differences are large, then
homogenization is not good(see, Case 2,3). In the latter cases, one needs to use the
first-order, or even the higher-order asymptotic methods presented in this paper.

Remark 7.2 Finally, it should be emphasized that the proposed method in this
paper is suitable for the subdivided periodic domains(or also called local peri-
odic structures). The reason is that, generally speaking, the asymptotic solutions
ut ¢ H 1(Q) if they are obtained by some classical methods(cf. [4,18]). How-
ever, the proposed method in this paper can guarantee the asymptotic solutions
ut € H 1(Q¢), due to the homogeneous Dirichlet boundary conditions on 8 Q.
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