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Abstract In this paper, we will discuss the mixed boundary value problems for
the second order elliptic equation with rapidly oscillating coefficients in perforated
domains, and will present the higher-order multiscale asymptotic expansion of the
solution for the problem, which will play an important role in the numerical compu-
tation . The convergence theorems and their rigorous proofs will be given. Finally
a multiscale finite element method and some numerical results will be presented.
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1 Introduction

Let ω be an unbounded domain ofRn with a 1-periodic structure, i.e. ω is invariant
under the shifts by any z = (z1, . . . zn) ∈ Zn, following Oleinik’s notation (see,
[18], pp. 42).

Suppose that ω satisfies the following conditions:
(B1) ω is a smooth unbounded domain of Rn with a 1-periodic structure.
(B2) The cell of periodicity ω ∩Q,Q = (0, 1)n is a domain with a Lipschitz

boundary.
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Fig. 1.1 Subdomain �ε0

(B3 ) The set Q \ ω̄ and the intersection of Q \ ω̄ with the δ0- neighborhood
(δ0 <

1
4 ) of ∂Q consist of a finite number of Lipschitz domains separated from

each other and from the edges of the cube Q by a positive distance.
A domain �ε has the form: �

ε = �
ε

0 ∪ (� \�0), where � is a bounded Lips-
chitz convex domain of Rn without cavities, �0 = ∪z∈Tεε(z + Q̄) ⊂ �, �

ε

0 =
�0 ∩ εω̄ is shown in Fig. 1.1, Tε is the subset of Zn consisting of all z such that
ε(z +Q) ⊂ �, ρ(ε(z +Q), ∂�) ≥ ε, ε is a small parameter. The domain �1 of
the boundary layer has the form �1 = � \�0 as shown in Fig. 1.2. The boundary
∂�ε of a domain � is the union of ∂� and the surface Sε ⊂ � of the cavities,
Sε = ∂�ε ∩�.

Consider the boundary value problem of second order elliptic equation with
rapidly oscillating coefficients as follows






Lεuε ≡ − ∂
∂xi

(aij (
x
ε )
∂uε(x)
∂xj

) = f (x) in �ε

σε(u
ε) ≡ −νiaij (xε )∂u

ε

∂xj
= 0, on Sε

uε(x) = ū(x), on ∂�

(1.1)

where f ∈ H−1(�), ū ∈ H 1/2(∂�) are some given functions.
Suppose that

(A1) aij (xε ) = aij (ξ), ξ = x
ε , are 1-periodic functions in ξ .

(A2) γ0|η|2 ≤ aij (ξ)ηiηj ≤ γ1|η|2, γ0, γ1 > 0, ξ ∈ Q ∩ ω ∀(η1, . . . ηn) ∈
Rn.

(A3) aij (ξ) = aji(ξ), aij ∈ L∞(Rn).

Fig. 1.2 Boundary layer �1
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Some homogenization results and their proofs for the mixed boundary value
problems of second order elliptic equation in a perforated domain were proved by
Cioranescu et al.(cf. [7]) in the situation: with the homogeneous Neumann’s condi-
tions (or Fourier’s ones) on the surface of holes, and with the Dirichlet’s boundary
conditions on the outer boundary part, under the assumption that the holes in the
reference cell Q do not intersect the boundary ∂Q . Allaire and Murat (cf. [2])
derived the convergence theorem for the above problems concerning the case of
nonisolated holes. Oleinik (cf. [18]) studied homogenization for the mixed problem
for the elastic systems of second order equations in a perforated domain, and gave
the convergence results with orderO(ε1/2) for the first order corrector. Conca and
Natesan [8] studied elliptic PDEs with oscillating coefficients, and determined the
numerical solution through asymptotic expansion, and article [9] which presented a
numerical method for homogenization problem through an integral representation
formula, via Bloch decomposition.

It should be pointed out that the homogenization method only describes the
asymptotic behavior of the solution for problem (1.1), as ε → 0 . However, in
many real problems, ε does not approach to zero, and in fact ε is not very small.
For example, when we consider 3-D woven structures of composite materials,
even if we select ε in the range 1/10 ∼ 1/100, it is extremely difficult to calculate
directly some mechanical fields such as stresses and strains. The number of ele-
ments is about 106 ∼ 1010 . Therefore we would like to say that it is necessary to
seek higher-order asymptotic methods.

Lions (cf. [17]) gave the higher-order asymptotic expansion of the solution for
the Dirichlet boundary value problem of the equation −�uε = f (x) in a perfo-
rated domain �ε provided that f ∈ C∞

0 (�) . Oleinik et al. (cf. [18]) got rid of the
assumption of f ∈ C∞

0 (�) and presented the higher-order asymptotic expansion
of the solution for the Dirichlet boundary value problem of the elastic systems of
second order equations in a perforated domain �ε by constructing properly the
boundary layer. Observing carefully their proofs, it is not difficult to see the cru-
cial point that Friedrichs-Poincaré inequality is true in the unit cell, due to the
Dirichlet boundary conditions on the surfaces of holes. However, one can derive
on error estimate which is only of order ε1/2 in a domain without any holes or
in a perforated domain satisfying Neumann boundary conditions on the surfaces
of holes (see [7,18]). It should be emphasized that the above method(i.e. periodic
boundary conditions on the boundary of the unit cube Q = (0, 1)n) maybe does
not work for a subdivided periodic structure, due to the first-order or higher-order
asymptotic solutions uεs /∈ H 1(�ε) in latter cases. The crucial idea of the method
proposed in this paper is to use homogeneous Dirichlet boundary conditions on the
boundary of the unit cube Q = (0, 1)n). Specially it is suitable for a subdivided
periodic domain. In the next sections, we would like to compare the advantages
and shortcomings of periodic boundary conditions compared to the homogeneous
Dirichlet boundary conditions on ∂Q.

Our goals in this paper are to give the higher-order multiscale asymptotic expan-
sion of the solution for the mixed boundary value problems of second order elliptic
equation in a perforated domain, and to present a multiscale finite element method.
The rigorous proofs of all theoretical results will be given. Finally, some numerical
results will be reported.
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Throughout the paper the Einstein summation convention on repeated indices
is adopted, and C denotes a positive constant without distinction.

2 A Formal Asymptotic Expansion and the Construction of Boundary Layer

To begin with, let us give a formal multiscale asymptotic expansion of the solution
for considering problem (1.1). Set formally

uε(x) ∼=
+∞∑

l=0

εl
n∑

α1,... ,αl=1

Nα1...αl (ξ)D
αu0(x) (2.1)

We next give the definitions ofNα1(ξ), Nα1α2(ξ), . . . Nα1···αl (ξ), αj =1, 2, . . . ,
n, 1 ≤ j ≤ l, l ≥ 1:






∂

∂ξi

(
aij (ξ)

∂Nα1(ξ)

∂ξj

)
= − ∂

∂ξi

(
aiα1(ξ)

)
, in Q ∩ ω

σξ (Nα1) = −νiaiα1(ξ), on Q ∩ ∂ω
Nα1(ξ) = 0 on ∂Q

(2.2)






∂

∂ξi

(
aij (ξ)

∂Nα1α2(ξ)

∂ξj

)
= − ∂

∂ξi

(
aiα1(ξ)Nα2(ξ)

)

−aα1j (ξ)
∂Nα2(ξ)

∂ξj
− aα1α2(ξ)+ âα1α2 , in Q ∩ ω

σξ (Nα1α2) = −νiaiα1(ξ)Nα2(ξ), on Q ∩ ∂ω
Nα1α2(ξ) = 0 on ∂Q

(2.3)

where

âij = 1

|Q ∩ ω|
∫

Q∩ω
(aij (ξ)+ aik(ξ)

∂Nj (ξ)

∂ξk
)dξ (2.4)

For 〈α〉 = l ≥ 3






∂

∂ξi
(aij (ξ)

∂Nα1...αl (ξ)

∂ξj
) = − ∂

∂ξi
(aiα1(ξ)Nα2...αl (ξ))

−aα1j (ξ)
∂Nα2...αl (ξ)

∂ξj
− aα1α2(ξ)Nα3...αl (ξ), in Q ∩ ω

σξ (Nα1...αl ) = −νiaiα1(ξ)Nα2...αl (ξ), on Q ∩ ∂ω
Nα1...αl (ξ) = 0 on ∂Q

(2.5)

Remark 2.1 Existence and uniqueness ofNα1(ξ), . . . Nα1...αl (ξ) can be easily estab-
lished by induction with respect to l due to the uniform elliptic condition (A2),
Poincaré -Friedrichs’inequality and Lax-Milgram’s lemma.They are then extended
to the unbounded domain ω in 1-periodicity. Without confusion we continue to use
Nα1(ξ), . . . Nα1...αl (ξ) to denote the periodic extensions.
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Remark 2.2 It should be mentioned that the periodic functions Nα1(ξ), . . .
Nα1...αl (ξ) defined in this paper are different from those of some classical homog-
enization methods ( see, e.g. [2,4,7,13,15,18]), due to different boundary con-
ditions on the boundary ∂Q of the unit cell Q ∩ ω. Under the assumptions of
periodic boundary conditions, we know that periodic functions Nα1(ξ), Nα1α2(ξ)
and their normal derivatives are continuous on the interface

⋃
z∈Tε ∂Ez, where

Ēz = ε(z+ Q̄). However, the normal derivatives of periodic functions with homo-
geneous Dirichlet boundary conditions on ∂Q, generally speaking, are not contin-
uous on the interface. In section 4, we shall prove that the normal derivatives of
Nα1(ξ), . . . Nα1...α3(ξ) are continuous in a sense on the interface ∂Q under some
assumptions.

The homogenized equation associated with (1.1) is the following:





L̂u0(x) ≡ − ∂

∂xi
(âij

∂u0(x)

∂xj
) = f (x) in �

u0(x) = ū(x), on ∂�

(2.6)

Remark 2.3 In the next section, it can be proven that the homogenized coeffi-
cients tensor of our method is the same as that of the classical homogenization
method under some assumptions. Furthermore, it is easy to see that L̂ is a symmet-
ric positive-definite operator, and there exists a unique weak solution of problem
(2.6).

For s ≥ 1, define

uεs (x) = u0(x)+
s∑

l=1

εl
n∑

α1,... ,αl=1

Nα1...αl (ξ)D
αu0(x) (2.7)

Generally speaking, uεs (x) does not satisfy the boundary conditions on ∂� for the
solution uε(x) in general domains. In order to catch the boundary effects on the
solution uε(x), we need to construct properly a boundary layer so as to improve
the accuracy of the approximation uεs (x), which is not an easy problem(cf. [16,
pp.121]).

Now define a boundary layer in such a way:





Lεuε,b ≡ − ∂
∂xi

(aij (
x
ε )
∂uε,b

∂xj
) = f (x) x ∈ �1

uε,b(x) = u0(x) x ∈ 
∗ = ∂�0 ∩ ∂�1

uε,b(x) = ū(x) x ∈ ∂�
(2.8)

where�1 is a bounded domain as shown in Fig. 1.2, andu0(x) is the unique solution
of the homogenized problem (2.6).

As a whole the approximate solution Uε
s (x) of the exact solution uε(x) of

problem (1.1) can be written as follows:

Uε
s (x) =






uεs (x) = u0(x)+
s∑

l=1
εl

n∑

α1,... ,αl=1
Nα1...αl (ξ)D

αu0(x) x ∈ �ε0
uε,b(x) x ∈ �1 = � \�0

(2.9)
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Remark 2.4 According to the definitions of Nα1...αl (ξ), αj = 1, 2, . . . , n, j =
1, 2, . . . l, l ≥ 1, one can derive uε,b(x)|∂�0∩∂�1 = uεs (x)|∂�0∩∂�1 , and conse-

quentlyUε
s ∈ H 1(�ε, ∂�). But, generally speaking, [

∂Uε
s

∂n
]|∂�0∩∂�1 �= 0, s ≥ 1,

where [
∂Uε

s

∂n
]|∂�0∩∂�1 denotes the jump of normal derivatives ofUε

s (x) on the inter-
face ∂�0 ∩ ∂�1.

3 Some Preliminary Results

Just as it has been stated in Remark 2.2, the normal derivatives of cell functions
with the homogeneous Dirichlet boundary conditions on ∂Q, generally speaking,
are not continuous on ∂Q. In this section, we shall discuss this kind of problem
and give some useful results.

To start with, let us make some assumptions on the holesQ \ ω̄ and the coeffi-
cients aij (ξ):

[HS]: The holesQ \ ω̄ are symmetric with respect to the middle hyperplanes
�1, . . . , �n of the unit cube Q as shown in Fig. 3.1.

[MS]: aii, i = 1, 2, . . . , n are symmetric, and aij , i �= j are anti-symmetric
with respect to middle superplanes�1, . . . , �n. In particular, aij = 0, if i �= j .

If aij (ξ) ∈ C0(Q ∩ ω), we can find a sequence of functions a(β)ij (ξ) ∈ C∞(Q∩
ω) satisfy the following properties:

(i) a(β)ij (ξ) are 1-periodic functions with respect to ξ ;

(ii) a(β)ij (ξ) = a
(β)

ji (ξ);

(iii) µ0|η|2 ≤ a
(β)

ij ηiηj ≤ µ1|η|2, a.e. ξ ∈ ω, µ0, µ1 > 0, |η|2 =
(
∑n

i=1 η
2
i )

1/2.
and

‖a(β)ij − aij‖C0(Q∩ω) → 0, as β → ∞

Fig. 3.1 The symmetry of Q
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Fig. 3.2 The sides of Q

Then it is standard to verify that(see, [4], pp.103):

‖u(β),ε − uε‖1,�ε ≤ C · sup
i,j

‖a(β)ij − aij‖C0(Q∩ω)

where u(β),ε is the solution of problem (1.1) with the coefficients a(β)ij (
x
ε ).

Assume that the following results proven when the coefficients areC∞ without
loss of generality. For simplicity, we next consider 2-D problems, in practice, the
corresponding results are also valid in higher dimensional cases ( n ≥ 3).

Lemma 3.1 Let Nα1(ξ), Nα1α2(ξ), . . . Nα1...αl (ξ), αj = 1, 2, j = 1, 2, . . . , l be
the solutions of problems (2.2),(2.3) and (2.5), respectively. Under the assumptions
(HS), (MS), and aij (ξ) ∈ C0(Q ∩ ω), then one can prove that Nα1(ξ), Nα1α2(ξ),· · ·Nα1···αl (ξ), αj = 1, 2, j = 1, 2, · · · , l are symmetric or anti-symmetric with
respect to the middle hyperplanes �i, i = 1, 2 of the unit cube Q, e.g.

N1(ξ1, ξ2) = −N1(1 − ξ1, ξ2), N1(ξ1, ξ2) = N1(ξ1, 1 − ξ2);
N2(ξ1, ξ2) = N2(1 − ξ1, ξ2), N2(ξ1, ξ2) = −N2(ξ1, 1 − ξ2);
N11(ξ1, ξ2) = N11(1 − ξ1, ξ2), N11(ξ1, ξ2) = N11(ξ1, 1 − ξ2);
N22(ξ1, ξ2) = N22(1 − ξ1, ξ2), N22(ξ1, ξ2) = N22(ξ1, 1 − ξ2);
N12(ξ1, ξ2) = −N12(1 − ξ1, ξ2), N12(ξ1, ξ2) = −N12(ξ1, 1 − ξ2);
N21(ξ1, ξ2) = −N21(1 − ξ1, ξ2), N21(ξ1, ξ2) = −N21(ξ1, 1 − ξ2).

Proof Lemma 3.1 is a straightforward consequence from the definitions of cell
functions and conditions (HS) and (MS).

One of our aims in this paper is to prove that the normal derivatives σξ (Nα1),
σξ (Nα1α2), σξ (Nα1α2α3) of cell functions are continuous in a sense on the interface
∂Q under the assumptions of (HS) and (MS), by means of Fourier analysis. How-
ever, one cannot directly use Fourier transformation in the unit cell Q ∩ ω with
some holes. To this end, from conditions (A1) − (A3), (B1) − (B3), (HS) and
(MS), one can extend the functions aij (ξ) in Q ∩ ω as the functions a∗

ij (ξ) in the
unit cube Q = (0, 1)2 such that they satisfy the conditions (A1) − (A3), (MS),
and a∗

ij (ξ) ∈ C0(Q̄).
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In practice, a∗
ij (ξ) can be given in such a way:

a∗
ij (ξ) =






aij (ξ) ξ ∈ Q ∩ ω
φδij (ξ) ξ ∈ Vδ
δ1/8 ξ ∈ V0

(3.1)

where φδij (ξ) ∈ C∞(Vδ), and ‖φδij‖L∞(Vδ) ≤ M , and Vδ = {ξ ∈ (Q \ ω) :
dist (ξ, ∂ω) ≤ δ}, and V0 = {ξ ∈ (Q \ ω) : dist (ξ, ∂ω) ≥ δ}, and δ is a suffi-
ciently small positive number.

Assume that N∗
α1
(ξ), N∗

α1α2
(ξ), · · · , N∗

α1···αl (ξ) satisfy the following equations:





∂

∂ξi

(
a∗
ij (ξ)

∂N∗
α1
(ξ)

∂ξj

)
= − ∂

∂ξi

(
a∗
iα1
(ξ)

)
, in Q

N∗
α1
(ξ) = 0 on ∂Q

(3.2)






∂

∂ξi

(
a∗
ij (ξ)

∂N∗
α1α2

(ξ)

∂ξj

)
= − ∂

∂ξi

(
a∗
iα1
(ξ)N∗

α2
(ξ)

)

−a∗
α1j
(ξ)
∂N∗

α2
(ξ)

∂ξj
− a∗

α1α2
(ξ)+ â∗

α1α2
, in Q

N∗
α1α2

(ξ) = 0 on ∂Q

(3.3)

where

â∗
α1α2

= 1

|Q|
∫

Q

(
a∗
α1α2

(ξ)+ a∗
α1j
(ξ)
∂N∗

α2
(ξ)

∂ξj

)
dξ (3.4)

For 〈α〉 = l ≥ 3





∂

∂ξi
(a∗
ij (ξ)

∂N∗
α1···αl (ξ)
∂ξj

) = − ∂

∂ξi
(a∗
iα1
(ξ)N∗

α2···αl (ξ))

−a∗
α1j
(ξ)
∂N∗

α2···αl (ξ)
∂ξj

− a∗
α1α2

(ξ)N∗
α3···αl (ξ), in Q

N∗
α1···αl (ξ) = 0 on ∂Q

(3.5)

Similarly to Lemma 3.1, one can easily check thatN∗
α1
(ξ), · · · , N∗

α1···αl (ξ) are sym-
metric or anti-symmetric with respect to the middle hyperplanes �i, i = 1, 2 of
the unit cube Q.

From (3.2), if let

�11 =
(
a∗

11(ξ)+
2∑

j=1

a∗
1j (ξ)

∂N∗
1 (ξ)

∂ξj

)

�21 =
(
a∗

21(ξ)+
2∑

j=1

a∗
2j (ξ)

∂N∗
1 (ξ)

∂ξj

)
,

then it can be rewritten as follows:

∂

∂ξ1
(�11)+ ∂

∂ξ2
(�21) = 0 (3.6)
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Set v(ξ) = (ei2πm1ξ1 − 1) · (ei2πm2ξ2 − 1), m1 �= 0,m2 �= 0. It is obvious that
v ∈ H 1

0 (Q).
The variational formulation of equation (3.6) is the following:

i2π
2∑

k=1

mk

∫

Q

�k1(ξ)(e
i2πm·ξ − ei2πmkξk )dξ = 0, m · ξ = m1ξ1 +m2ξ2

and consequently

m1(c
(1)
m1m2

− c
(1)
m10)+m2(d

(1)
m1m2

− d
(1)
0m2
) = 0, m1 �= 0,m2 �= 0 (3.7)

where c(1)m1m2
= ∫

Q

�11e
i2πm·ξ dξ, c

(1)
m10 = ∫

Q

�11e
i2πm1ξ1dξ ,

d(1)m1m2
= ∫

Q

�21e
i2πm·ξ dξ, d

(1)
0m2

= ∫

Q

�21e
i2πm2ξ2dξ .

Lemma 3.2 Under the assumptions of Lemma 3.1, then it can be proven that the
corresponding Fourier series of the function F(ξ1, ξ2) = �11(ξ1, ξ2) is absolutely
uniform convergence on [0, 1] × [0, 1].

Proof Set F(ξ1, ξ2) = �11(ξ1, ξ2) = (a∗
11(ξ)+ ∑2

j=1 a
∗
1j (ξ)

∂N∗
1 (ξ)
∂ξj

).

By means of Theorem 6.17, Theorem 6.18 of [10], and Theorem 7.2 of [11],
the validity of the following procedure can be guaranteed under the assumption of
regularity of the coefficients.

For m1 �= 0, and m2 �= 0, c̃(1)m1m2
denotes the m1,m2 th Fourier coefficient of

Fξ2ξ1 ; thus

c̃(1)m1m2
=

1∫

0

1∫

0

Fξ2ξ1e
i2πm·ξ dξ

If we integrate by parts with respect to ξ2, holding ξ1 fixed, then by periodicity
we obtain

c̃(1)m1m2
= −i2πm2

1∫

0

1∫

0

Fξ1e
i2πm·ξ dξ

Integrating by parts again yields

c̃(1)m1m2
= −4π2m1m2c

(1)
m1m2

(3.8)

If we let c̃0m2 , for m2 �= 0, denote the m2-th Fourier coefficient of Fξ2 , then
c̃0m2 = −i2πm2c0m2 , and similarly, for m1 �= 0, we have c̃m10 = −i2πm1cm10.
Finally, we define c̃00 to 0. Bessel’s inequality applied to Fξ1, Fξ2 , and Fξ1ξ2 implies
that

+∞∑

m1,m2=−∞
|c̃m1m2 |2 ≤

1∫

0

1∫

0

[F 2
ξ1

+ F 2
ξ2

+ F 2
ξ2ξ1

]dξ1dξ2 (3.9)



10 L.-Q. Cao

and by using Cauchy inequality, we obtain:

∑
|c(1)m1m2

| = |c(1)00 | +
∑ ′|c̃(1)m1m2

|| 1

m1m2
| +

∑ ′|c̃(1)m10||
1

m1
| +

∑ ′|c̃(1)0m2
|| 1

m2
|

≤ |c(1)00 | +
( ∑ ′|c̃(1)m1m2

|2
)1/2( ∑ ′ 1

m2
1m

2
2

)1/2

+
( ∑ ′|c̃(1)m10|2

)1/2( ∑ ′ 1

m2
1

)1/2

+
( ∑ ′|c̃(1)0m2

|2
)1/2( ∑ ′ 1

m2
2

)1/2
(3.10)

Because of (3.9), the last sum above is finite. Consequently, we complete the
proof of Lemma 3.2.

Proposition 3.1 Under the assumptions of Lemma 3.1, we have

m1c
(1)
m1m2

+m2d
(1)
m1m2

= 0, m1 �= 0,m2 �= 0 (3.11)

Furthermore

m1c
(1)
m10 +m2d

(1)
0m2

= 0, m1 �= 0,m2 �= 0 (3.12)

Proof Integrating on both sides of (3.6) with respect to ξ1, one gets

ξ1∫

1/2

∂

∂ξ1
(�11)dξ +

ξ1∫

1/2

∂

∂ξ2
(�21)dξ1 = 0

Consequently

�11 + ∂

∂ξ2






ξ1∫

1/2

�21dξ1




 = φ2(ξ2)

Set �̃21 = ∫ ξ1

1/2�21dξ1. One can directly verify that �̃21 is symmetric and anti-
symmetric with respect to the middle hyperplane �1 and �2, respectively, due to
�21 are all anti-symmetric with respect to the middle hyperplanes �1,�2. Hence

�̃21(ξ1, ξ2) ∼
∑

(−1)m1+m2+1αm1m2cos2πm1ξ1 · sin2πm2ξ2, (3.13)

It follows from Lemma 3.2 that

∂

∂ξ2
(�̃21) = −

∑

m1,m2

(−1)m1+m2Am1m2cos2πm1ξ1 · cos2πm2ξ2 + φ2(ξ2)
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Integrating on both sides of the above equation with respect to ξ2, one gets

�̃21 = −
∑

m1,m2

(−1)m1+m2

2πm2
Am1m2cos2πm1ξ1 · sin2πm2ξ2

+
ξ2∫

1/2

φ2(ξ2)dξ2 + φ1(ξ1) (3.14)

Comparing (3.13) with (3.14), it gives

2πm2αm1m2 = Am1m2 , m1 �= 0,m2 �= 0 (3.15)

On the other hand, recalling the definition of the coefficients of Fourier series and
integrating by parts, one gets

αm1m2 =
1∫

0

1∫

0

�̃21cos2πm1ξ1 · sin2πm2ξ2dξ1dξ2

=
1∫

0

sin2πm2ξ2dξ2

1∫

0

(

ξ1∫

1/2

�21(t, ξ2)dt)cos2πm1ξ1dξ1

= − 1

2πm1

1∫

0

1∫

0

�21(ξ)sin2πm1ξ1 · sin2πm2ξ2dξ1dξ2

= − 1

2πm1
Bm1m2 (3.16)

Recall that �11,�21 are symmetric and anti-symmetric with respect to the
middle hyperplanes �1,�2, respectively, it implies

�11 ∼
∑

(−1)m1+m2Am1m2cos2πm1ξ1 · cos2πm2ξ2 (3.17)

�21 ∼
∑

(−1)m1+m2Bm1m2sin2πm1ξ1 · sin2πm2ξ2 (3.18)

Combining (3.15) with ( 3.16), this yields

m1Am1m2 +m2Bm1m2 = 0, m1 �= 0,m2 �= 0

Comparing with the relation of the coefficients between real Fourier’s series
and complex Fourier’s series(see, [19], pp. 190), one can get

m1c
(1)
m1m2

+m2d
(1)
m1m2

= 0, m1 �= 0,m2 �= 0 (3.19)

Combining (3.7) and (3.19), it leads

m1c
(1)
m10 +m2d

(1)
0m2

= 0, m1 �= 0,m2 �= 0 (3.20)

Therefore the proof of Proposition 3.1 is complete. ��
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Theorem 3.1 Under the assumptions of Lemma 3.1, it can be proven that σξ (N∗
1 ),

σξ (N
∗
2 ) are continuous on the boundary ∂Q, where σξ (N∗

1 ), σξ (N
∗
2 ) denote the

normal derivatives of N∗
1 (ξ) and N∗

2 (ξ), respectively.

Proof Set v1(ξ) = ei2πm2ξ2 − 1, the variational formulation of (3.2) can be rewrit-
ten as

∫

l1

[�11]v1(ξ)d
 + i2πm2d
(1)
0,m2

= 0 (3.21)

where side l1 as shown in Fig. 3.2, and [�11] denotes the jump of the function�11
on the side l1 of ∂Q.

Since �11|l1 = �11|l2 , i.e. [�11]|l1 = 0, one gets d(1)0,m2
= 0.

Putting it into (3.20), one has c(1)m10 = 0.
Setting v2(ξ) = ei2πm1ξ1 −1,, the variational formulation of (3.2) can similarly

be written as:
∫

l3

[�21]v2(ξ)d
 + i2πm1c
(1)
m10 = 0 (3.22)

where side l3 as shown in Fig. 3.2, and [�21] denotes the jump of the function�21
on the side l3 of ∂Q, and consequently

∫

l3

[�21]v2(ξ)d
 = 0 (3.23)

Integrating directly on both sides of (3.2), one has
∫

∂Q

σξ (N
∗
1 )d
 = 0 (3.24)

Observing that
∫

l1
[�11]d
 = 0, thanks to Lemma 3.1, and using (3.20), one derives

∫

l3
[�21]d
 = 0.
To summarize the above results, one can deduce that

∫

l3

[�21]ei2πm1ξ1dξ1 = 0, ∀m1 ∈ Z

The completeness of the function family {ei2πm1ξ1}+∞
m1=−∞ implies that

[�21]|l3 = 0. Hence we deduce that σξ (N∗
1 ) is continuous on ∂Q.

The remainder can be completed in a similar way.
From Lemma 3.1, one can directly verify that σξ (N∗

12), σξ (N
∗
21) are continuous

on the boundary ∂Q. Only we next consider σξ (N∗
11), σξ (N

∗
22).

From (3.3), let �1,11 = (a∗
11(ξ)N

∗
1 (ξ)+

2∑

j=1
a∗

1j (ξ)
∂N∗

11(ξ)
∂ξj

),

�2,11 =
(

a∗
21(ξ)N

∗
1 (ξ)+

2∑

j=1

a∗
2j (ξ)

∂N∗
11(ξ)

∂ξj

)

.
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Similarly to (3.7), one gets

−i2πm1(c
(11)
m1m2

− c
(11)
m10)− i2πm2(d

(11)
m1m2

− d
(11)
0m2
)

= −c(1)m1m2
+ c

(1)
m10 + c

(1)
0m2
,m1 �= 0,m2 �= 0 (3.25)

where c(11)
m1m2

= ∫

Q

�1,11(ξ)e
i2πm·ξ dξ, c

(11)
m10 = ∫

Q

�1,11(ξ)e
i2πm1ξ1dξ ;

d(11)
m1m2

= ∫

Q

�2,11(ξ)e
i2πm·ξ dξ, d

(11)
0m2

= ∫

Q∩ω
�2,11(ξ)e

i2πm2ξ2dξ , and c(1)m1m2
,

c
(1)
m10, c

(1)
0m2

are stated in (3.7).

Setting G(ξ1, ξ2) = ∂
∂ξ2

(�2,11) = ∂
∂ξ2

[
a∗

21(ξ)N
∗
1 (ξ)+

2∑

j=1
a∗

2j (ξ)
∂N∗

11
∂ξj

]
, and

following along the lines of the proof of Proposition 3.1, one has the following
proposition:

Proposition 3.2 Under the assumptions of Lemma 3.1, then we have the following
equalities:

−i2πm1c
(11)
m1m2

− i2πm2d
(11)
m1m2

= −c(1)m1m2
, m1 �= 0,m2 �= 0 (3.26)

and

i2πm1c
(11)
m10 + i2πm2d

(11)
0m2

= c
(1)
m10 + c

(1)
0m2
, m1 �= 0,m2 �= 0 (3.27)

Theorem 3.2 Under the assumptions of Lemma 3.1, it can be proven thatσξ (N∗
α1α2

),
αj = 1, 2, are continuous on the boundary ∂Q, where σξ (N∗

α1α2
), αj = 1, 2 denote

the normal derivatives of N∗
α1α2

(ξ), respectively.

Proof Set v1(ξ) = (ei2πm2ξ2 − 1), v2(ξ) = (ei2πm1ξ1 − 1), then the variational
formulations of equation(3.3) are the following:

∫

l1

[�1,11(ξ)]v1(ξ)d
 = i2πm2d
(11)
0m2

− c
(1)
0m2

;
∫

l3

[�2,11(ξ)]v2(ξ)d
 = i2πm1c
(11)
m10 − c

(1)
m10

Proposition 3.2 ensures that
∫

l1

[�1,11(ξ)]v1(ξ)d
 +
∫

l3

[�2,11(ξ)]v2(ξ)d
 = i2πm2d
(11)
0m2

+ i2πm1c
(11)
m10

−c(1)0m2
− c

(1)
m10 = 0 (3.28)

Set λm2 =∫

l1

[�1,11]ei2πm2ξ2dξ2, µm1 =∫

l3

[�2,11]ei2πm1ξ1dξ1, m1 �= 0, m2 �= 0;
λ0 = ∫

l1

[�1,11]dξ2, µ0 = ∫

l3

[�2,11]dξ1.



14 L.-Q. Cao

(3.28) implies that

λm2 − λ0 + µm1 − µ0 = 0 (3.29)

Integrating directly on both sides of (3.3), one gets λ0 +µ0 = 0, and consequently

λm2 + µm1 = 0, m1 �= 0,m2 �= 0 (3.30)

Let m2 → +∞, for any fixed m1, and using Riemann-Lebesgue lemma (see
[19]), one derivesµm1 = 0, for ∀m1 �= 0. Similarly, one has λm2 = 0, for ∀m2 �= 0.
Hence one can deduce that [�1,11] = const, [�2,11] = const . Therefore it implies
that σξ (N∗

11) has a constant sign in the neighborhood of ∂Q.
The fact

∫

∂Q

σξ (N
∗
11)d
 = 0 gives σξ (N∗

11)|∂Q = 0. Similarly, one can prove

that σξ (N∗
22)|∂Q = 0.

The proof of Theorem 3.2 is complete. ��
Theorem 3.3 Under the assumptions of Lemma 3.1, we can say that σξ (N∗

α1α2α3
),

αj = 1, 2, are continuous on the boundary ∂Q, where σξ (N∗
α1α2α3

) denote the
normal derivatives of N∗

α1α2α3
(ξ), αj = 1, 2, respectively.

Proof Following along the lines of proofs of Theorem 3.1 and Theorem 3.2, one
can easily complete the proof of Theorem 3.3. ��
Remark 3.1 It should be emphasized that, generally speaking, σξ (N∗

1111) is not con-

tinuous on the boundary ∂Q, due to
∫

∂Q

σξ (N
∗
1111)d
=

∫

Q

(

a∗
11
∂N∗

111

∂ξ1
+ a∗

11N
∗
11

)

dξ �= 0. Therefore, under the assumptions of Lemma 3.1, at most one can obtain
the error estimate with order O(ε3) for the multiscale asymptotic methods.

4 Further Results

In this section, we shall give the further theoretical results, i.e. the normal deriva-
tives of cell functions Nα1(ξ), Nα1α2(ξ), Nα1α2α3(ξ) defined in the unit cell Q ∩ ω
are continuous in a sense on ∂Q, i.e.

Theorem 4.1 Let Nα1(ξ), . . . , Nα1···αl (ξ) be the weak solution of problem (2.2),
(2.3) and (2.5), respectively. Under the assumptions (A1)−(A3), (B1)−(B3), (HS),
(MS), and aij (ξ) ∈ C0(Q ∩ ω). For ∀v ∈ H 1

per (Q ∩ ω), then it holds

|
∫

∂Q

νiaij
∂Nα1

∂ξj
v(ξ)d
ξ | ≤ C · δ β0

2 (4.1)

|
∫

∂Q

νiaij
∂Nα1···αl
∂ξj

v(ξ)d
ξ | ≤ C · δ β0
2 , l = 2, 3 (4.2)

where C is a constant independent of ε.
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By Theorems 3.1, 3.2 and 3.3 in the previous section, it only remains necessary
to compare with the difference between a set of functionsNα1(ξ), Nα1α2(ξ), Nα1α2α3

(ξ) and the corresponding onesN∗
α1
(ξ), N∗

α1α2
(ξ), N∗

α1α2α3
(ξ) in the unit cellQ∩ω.

To start with, following along the lines of proof of Lemma 4.1 of [18, pp. 45]),
one can extendNα1(ξ) in the unit cellQ∩ω as the function Ñα1(ξ) in the unit cube
Q such that Ñα1 ∈ H 1(Q), and ‖Ñα1‖1,Q ≤ C‖Nα1‖1,Q∩ω.

Recalling condition (B3), and setting w(ξ) = N∗
α1

− Ñα1 ∈ H 1
0 (Q), then we

have
∫

Q

a∗
ij

∂N∗
α1

∂ξj

∂(N∗
α1

− Ñα1)

∂ξi
dξ = −

∫

Q

a∗
iα1

∂(N∗
α1

− Ñα1)

∂ξi
dξ (4.3)

and the variational form of (2.2) is the following:

∫

Q∩ω
aij
∂Nα1

∂ξj

∂(N∗
α1

− Ñα1)

∂ξi
dξ = −

∫

Q∩ω
aiα1

∂(N∗
α1

− Ñα1)

∂ξi
dξ (4.4)

Subtracting (4.3) from (4.4), it gives

0 ≤
∫

Q∩ω
aij
∂(N∗

α1
−Nα1)

∂ξj

∂(N∗
α1

−Nα1)

∂ξi
dξ

= −
∫

Q\ω̄

(
a∗
iα1

+ a∗
ij

∂Ñα1

∂ξj

)∂(N∗
α1

− Ñα1)

∂ξi
dξ

+
∫

Q\ω̄
a∗
ij

∂(Ñα1 −N∗
α1
)

∂ξj

∂(N∗
α1

− Ñα1)

∂ξi
dξ (4.5)

i.e.

−
∫

Q\ω̄

(
a∗
iα1

+ a∗
ij

∂Ñα1

∂ξj

)∂(N∗
α1

− Ñα1)

∂ξi
dξ

≥
∫

Q\ω̄
a∗
ij

∂(N∗
α1

− Ñα1)

∂ξj

∂(N∗
α1

− Ñα1)

∂ξi
dξ ≥ 0 (4.6)

Hence

δ1/8‖N∗
α1

− Ñα1‖2
1,Q\ω̄ ≤

∫

Q\ω̄
a∗
ij

∂(N∗
α1

− Ñα1)

∂ξj

∂(N∗
α1

− Ñα1)

∂ξi
dξ

≤ −
∫

Q\ω̄

(
a∗
iα1

+ a∗
ij

∂Ñα1

∂ξj

)∂(N∗
α1

− Ñα1)

∂ξi
dξ

≤ C · ‖N∗
α1

− Ñα1‖1,Q\ω̄ (4.7a)



16 L.-Q. Cao

i.e.

‖N∗
α1

− Ñα1‖1,Q\ω̄ ≤ C · δ−1/8 (4.7b)

In particular

‖N∗
α1

− Ñα1‖1,Vδ
≤ C · δ−1/8 (4.7c)

Let

I δ1 = −
∫

Vδ

a∗
iα1

∂(N∗
α1

− Ñα1)

∂ξi
dξ, I 0

1 = −
∫

V0

a∗
iα1

∂(N∗
α1

− Ñα1)

∂ξi
dξ

I δ2 = −
∫

Vδ

a∗
ij

∂Ñα1

∂ξj

∂(N∗
α1

− Ñα1)

∂ξi
dξ, I 0

2 = −
∫

V0

a∗
ij

∂Ñα1

∂ξj

∂(N∗
α1

− Ñα1)

∂ξi
dξ

I δ3 = −
∫

Vδ

a∗
ij

∂(N∗
α1

− Ñα1)

∂ξj

∂(N∗
α1

− Ñα1)

∂ξi
dξ ≤ 0

I 0
3 = −

∫

V0

a∗
ij

∂(N∗
α1

− Ñα1)

∂ξj

∂(N∗
α1

− Ñα1)

∂ξi
dξ ≤ 0

|I δ1 | = |
∫

Vδ

a∗
iα1

∂(N∗
α1

− Ñα1)

∂ξi
dξ | ≤ C

∫

Vδ

|∇(N∗
α1

− Ñα1)|dξ

≤ C‖N∗
α1

− Ñα1‖1,Vδ
·
(
meas(Vδ)

)1/2
(4.8)

≤ C · δ1/2‖N∗
α1

− Ñα1‖1,Vδ

≤ C1 · δ1/2 · δ−1/8 = C1 · δ3/8

It follows from Lemma 3.12 and Remark 3.15 of (see, [15], pp.112-116) that

‖∇Ñα1‖0,γ,Vδ
=

( ∫

Vδ

|∇Ñα1 |γ dξ
)1/γ

≤ C0

( ∫

Q∩ω
|∇Nα1 |sdξ

)1/s
≤ M (4.9)

where 1 < γ < γ0 = 4s
4 + s

, 4/3 ≤ s ≤ +∞.

|I δ2 | = |
∫

Vδ

a∗
ij

∂Ñα1

∂ξj

∂(N∗
α1

− Ñα1)

∂ξi
dξ |

≤ C ·
( ∫

Vδ

|∇Ñα1 |γ0dξ
)1/γ0 ·

( ∫

Vδ

|∇(N∗
α1

− Ñα1)|
γ0
γ0−1 dξ

) γ0−1
γ0

≤ C · ‖Nα1‖1,∞,Q∩ω ·
( ∫

Vδ

|∇(N∗
α1

− Ñα1)|
γ0
γ0−1 dξ

) γ0−1
γ0
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≤ C ·
( ∫

Vδ

|∇(N∗
α1

− Ñα1)|
γ0
γ0−1 dξ

) γ0−1
γ0

≤ C2 ·
[
(

∫

Vδ

1 · dξ)
γ0−2

2(γ0−1) ·
( ∫

Vδ

|∇(N∗
α1

− Ñα1)|2dξ
) γ0

2(γ0−1)
] γ0−1

γ0

= C2 ·
[
δ

γ0−2
2(γ0−1) · δ− γ0

8(γ0−1)

] γ0−1
γ0 = C2 · δ

3γ0−8
8γ0 = C2 · δβ0 (4.10)

where 0 < β0 < 1/8, if γ0 is close to 4, then we have

|I δ1 | + |I δ2 | ≤ C · δmin(3/8,β0) ≤ C · δβ0 (4.11)

From (4.5) and I δ3 ≤ 0, we have

0 ≤
∫

Q∩ω
aij
∂(N∗

α1
− Ñα1)

∂ξj

∂(N∗
α1

− Ñα1)

∂ξi
dξ ≤ I δ1 + I δ2 + I 0

1 + I 0
2 + I 0

3 (4.12)

If |I 0
1 + I 0

2 + I 0
3 | ≤ (C1 + C2)δ

β0 , from (4.12), then it leads

‖N∗
α1

− Ñα1‖1,Q∩ω ≤ C · δ β0
2 (4.13)

Otherwise, if |I 0
1 +I 0

2 +I 0
3 | > (C1+C2)δ

β0 > 0, from (4.5), one has I 0
1 +I 0

2 +I 0
3 >

0, and consequently

δ1/8‖N∗
α1

− Ñα1‖2
1,V0

≤
∫

V0

a∗
ij

∂(N∗
α1

− Ñα1)

∂ξj

∂(N∗
α1

− Ñα1)

∂ξi
dξ

≤ −
∫

V0

(a∗
iα1

+ a∗
ij

∂Ñα1

∂ξj
)
∂(N∗

α1
− Ñα1)

∂ξi
dξ

≤ C · δ1/8‖N∗
α1

− Ñα1‖1,V0 (4.14a)

i.e.

‖N∗
α1

− Ñα1‖1,V0 ≤ C (4.14b)

Hence

|I 0
1 | = |

∫

V0

a∗
iα1

∂(N∗
α1

− Ñα1)

∂ξi
dξ | ≤ δ1/8

∫

V0

|∇(N∗
α1

− Ñα1)|dξ

≤ C · δ1/8‖N∗
α1

− Ñα1‖1,V0 ≤ C · δ1/8 (4.15)

|I 0
2 | = |

∫

V0

a∗
ij

∂(Ñα1 −N∗
α1
)

∂ξj

∂(N∗
α1

− Ñα1)

∂ξi
dξ |

≤ C · δ1/8‖N∗
α1

− Ñα1‖2
1,V0

≤ C · δ1/8 (4.16)
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|I 0
3 | = |

∫

V0

a∗
ij

∂Ñα1

∂ξj

∂(N∗
α1

− Ñα1)

∂ξi
dξ |

≤ C · δ1/8‖N∗
α1

− Ñα1‖1,V0 ≤ C · δ1/8 (4.17)

and

|
∫

Q∩ω
aij
∂(N∗

α1
− Ñα1)

∂ξj

∂(N∗
α1

− Ñα1)

∂ξi
dξ | ≤ (C1 + C2)δ

β0 + I 0
1 + I 0

2 + I 0
3

≤ C · δmin(1/8,β0) = C · δβ0 (4.18)

Therefore, we have

‖N∗
α1

− Ñα1‖1,Q∩ω ≤ C · δ β0
2 , 0 < β0 < 1/8 (4.19)

Let us turn to the proof of Theorem 4.1.

Proof For v ∈ H 1
per (Q ∩ ω), following along the lines of proof of Lemma 4.1

of [18, pp.45]), one can extend it as the function ṽ ∈ H 1(Q) such that ‖ṽ‖1,Q ≤
C‖v‖1,Q∩ω.

From (3.2) and (2.2), we have

−
∫

∂Q

νia
∗
ij

∂N∗
α1

∂ξj
v(ξ)d
ξ +

∫

Q

a∗
ij

∂N∗
α1

∂ξj

∂ṽ

∂ξi
dξ = −

∫

Q

a∗
iα1

∂ṽ

∂ξi
dξ (4.20)

−
∫

∂Q

νiaij
∂Nα1

∂ξj
v(ξ)d
ξ +

∫

Q∩ω
aij
∂Nα1

∂ξj

∂v

∂ξi
dξ = −

∫

Q∩ω
aiα1

∂v

∂ξi
dξ (4.21)

Recalling Theorem 3.1, and subtracting (4.20) from (4.21), one gets

∫

∂Q

νiaij
∂Nα1

∂ξj
v(ξ)d
ξ =

∫

Q∩ω
aij
∂(Nα1 −N∗

α1
)

∂ξj

∂v

∂ξi
dξ

−
∫

Q\ω̄
a∗
ij

∂N∗
α1

∂ξj

∂ṽ

∂ξi
dξ −

∫

Q\ω̄
a∗
iα1

∂ṽ

∂ξi
dξ (4.22)

|
∫

Q∩ω
aij
∂(Nα1 −N∗

α1
)

∂ξj

∂v

∂ξi
dξ | ≤ C · ‖Nα1 −N∗

α1
‖1,Q∩ω‖v‖1,Q∩ω

≤ C · δ β0
2 ‖v‖1,Q∩ω (4.23)
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|
∫

Vδ

a∗
ij

∂(Nα1 −N∗
α1
)

∂ξj

∂ṽ

∂ξi
dξ |

≤ C ·
( ∫

Vδ

|∇(Nα1 −N∗
α1
)|

γ0
γ0−1 dξ

) γ0−1
γ0 ·

( ∫

Vδ

|∇ṽ|γ0dξ
) 1
γ0

≤ C · ‖v‖1,∞,Vδ

( ∫

Vδ

|∇(Nα1 −N∗
α1
)|

γ0
γ0−1 dξ

) γ0−1
γ0

≤ C ·
[( ∫

Vδ

1 · dξ
) γ0−2

2(γ0−1)

∫

Vδ

|∇(Nα1 −N∗
α1
)|2dξ

) γ0
2(γ0−1)

] γ0−1
γ0

≤ C · δ
3γ0−8

8γ0 = C · δβ0 (4.24a)

|
∫

V0

a∗
ij

∂(Ñα1 −N∗
α1
)

∂ξj

∂ṽ

∂ξi
dξ | ≤ C · δ1/8‖Ñα1 −N∗

α1
‖1,V0‖ṽ‖1,V0

≤ C · δ1/8‖v‖1,Q∩ω (4.24b)

|
∫

V0

a∗
ij

∂Ñα1

∂ξj

∂ṽ

∂ξi
dξ | ≤ C · δ1/8‖Ñα1‖1,V0‖ṽ‖1,V0

≤ C · δ1/8‖Nα1‖1,Q∩ω‖v‖1,Q∩ω (4.24c)

|
∫

Vδ

a∗
ij

∂Ñα1

∂ξj

∂ṽ

∂ξi
dξ | ≤ C ·

( ∫

Vδ

|∇Ñα1 |
γ0
γ0−1 dξ

) γ0−1
γ0 ·

( ∫

Vδ

|∇ṽ|γ0dξ
) 1
γ0

≤ C · ‖v‖1,∞,Q∩ω ·
( ∫

Vδ

|∇Ñα1 |
γ0
γ0−1 dξ

) γ0−1
γ0 (4.24d)

≤ C ·
[( ∫

Vδ

1 · dξ
) γ0−2

2(γ0−1) ·
( ∫

Vδ

|∇Ñα1 |2dξ
) γ0

2(γ0−1)
] γ0−1

γ0

= C · δ
γ0−2
2γ0

|
∫

Vδ

a∗
iα1

∂ṽ

∂ξi
dξ | ≤ C ·

( ∫

Vδ

1 · dξ
) γ0−1

γ0 ·
( ∫

Vδ

|∇ṽ|γ0dξ
) 1
γ0 ≤ C · δ

γ0−1
γ0 (4.24e)

|
∫

V0

a∗
iα1

∂ṽ

∂ξi
dξ | ≤ C · δ1/8‖ṽ‖1,V0 ≤ C · ‖v‖1,∞,Q∩ω · δ1/8 (4.24f)
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(4.1) follows from (4.22),(4.23) and (4.24a)–(4.24f), and (4.2) will be shown at the
end of this section.

We next prove that the two kinds of homogenization methods are equivalent
under the assumptions of (HS),and (MS).

By recalling the definitions of cell functions in the unit cell Q ∩ ω in some
classical homogenization books( see, e.g. [4,16,18]), one has:

z






∂
∂ξi

(
aij (ξ)

∂N̆α1

∂ξj

)
= − ∂

∂ξi

(
aiα1(ξ)) in Q ∩ ω

σξ (N̆α1

)
= −νiaiα1(ξ), on Q ∩ ∂ω

N̆α1(ξ) is 1-periodic in ξ,
∫

Q∩ω
N̆α1(ξ)dξ = 0

(4.25)

˘̂aij = 1

|Q ∩ ω|
∫

Q∩ω

(
aij (ξ)+ aik(ξ)

∂N̆j (ξ)

∂ξk

)
dξ (4.26)

For v ∈ H 1
per (Q ∩ ω), the variational form of (4.25) is the following:

∫

Q∩ω
aij (ξ)

∂N̆α1

∂ξj

∂v

∂ξi
dξ = −

∫

Q∩ω
aiα1

∂v

∂ξi
dξ (4.27)

and the variational form of (2.2) is the following:
∫

∂Q

σξ (Nα1)v(ξ)d
ξ −
∫

Q∩ω
aij (ξ)

∂Nα1

∂ξj

∂v

∂ξi
dξ =

∫

Q∩ω
aiα1

∂v

∂ξi
dξ (4.28)

Subtracting (4.28) from (4.27), this yields

∫

∂Q

σξ (Nα1)v(ξ)d
ξ =
∫

Q∩ω
aij (ξ)

∂(Nα1 − N̆α1)

∂ξj

∂v

∂ξi
dξ (4.29)

Set v = Nα1 − N̆α1 , it follows from (4.1) and (4.27) that

‖Nα1 − N̆α1‖1,Q∩ω ≤ C · δ β0
2 (4.30)

and consequently

| ˘̂aij − âij | ≤ 1

|Q ∩ ω|
∫

Q∩ω
|aik(ξ)∂(N̆j −Nj)

∂ξk
|dξ ≤ C · δ β0

2 (4.31)

As δ → 0, we have ˘̂aij = âij . In addition, it is obvious that
∫

Q∩ω Nα1(ξ)dξ = 0,
thanks to Lemma 3.1. Therefore, we can obtain the following theorem:
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Theorem 4.2 It can be proven that

˘̂aij = âij , Nα1 = N̆α1, α1 = 1, 2, . . . , n (4.32)

Recall the definitions of N̆α1α1 in the unit cell Q ∩ ω in some books (see, [18],
pp.125, (1.17)):






∂

∂ξi

(
aij (ξ)

∂N̆α1α2(ξ)

∂ξj

)
= − ∂

∂ξi

(
aiα1(ξ)N̆α2(ξ)

)

−aα1j (ξ)
∂N̆α2(ξ)

∂ξj
− aα1α2(ξ)+ ˘̂aα1α2 , in Q ∩ ω

σξ (N̆α1α2) = −νiaiα1(ξ)N̆α2(ξ), on Q ∩ ∂ω
N̆α1α2(ξ)is 1-periodic in ξ,

∫

Q∩ω
N̆α1α2(ξ)dξ = 0

(4.33)

From (2.3), (4.33) and (4.32), one can deduce that N̆α1α2(ξ) = Nα1α2(ξ)+ C,
whereC is any constants. Therefore, σ(Nα1α2) are continuous on the boundary ∂Q
of the unit cellQ∩ω. It is a straightforward consequence of the fact that σ(N̆α1α2)
are continuous on the boundary ∂Q of the unit cell Q ∩ ω.

Following along the lines of the proof of (4.1) in Theorem 4.1, and using The-
orem 3.2 and Theorem 3.3, one has

‖N∗
α1···αl −Nα1···αl‖1,Q∩ω ≤ c · δ β0

2 , l ≥ 2 (4.34)

Furthermore

|
∫

∂Q

νiaij
∂Nα1···αl
∂ξj

v(ξ)d
ξ | ≤ C · δ β0
2 , l = 2, 3 (4.35)

Therefore,(4.2) in Theorem 4.1 has been proven.

5 Main Convergence Theorems

In this section, we shall give some main convergence results and their rigorous
proofs in this paper.

Theorem 5.1 Suppose �ε ⊂ Rn is the union of entire cells satisfying the condi-
tions (B1) − (B3), (HS), i.e. �

ε = ∪z∈Tεε(z + Q ∩ ω). Let uε(x) be the weak
solution of problem (1.1) with the mixed boundary conditions, and uεs (x) be the
approximate solution given in (2.7). Under the assumptions (A1) − (A3), and
(MS), if aεij ∈ C0(�̄ε), f ∈ Hs(�), ū ∈ Hs+3/2(∂�), u0 ∈ Hs+2(�), then it
holds:

‖uε − uεs‖1,�ε ≤
{
C · ε1/2, if s = 1;
C · εmin(3,s−1), if s ≥ 2

(5.1)

where C is a constant independent of ε.
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Proof Assume that �ε is the union of entire periodic cells, i.e.

�
ε = ∪z∈Tεε(z+Q ∩ ω). Set Lεuε ≡ − ∂

∂xi

(
aij (

x
ε )
∂uε

∂xj

)
.

Taking into account the fact ∂
∂xi

→ ∂
∂xi

+ ε−1 ∂
∂ξi
, ξ = ε−1x, we have

∂uεs

∂xj
= (

∂

∂xi
+ ε−1 ∂

∂ξi
)

s∑

l=0

εl
n∑

α1,... ,αl=1

Nα1···αl (ξ)D
αu0(x)

=
s∑

l=0

εl
n∑

α1,... ,αl=1

Nα1···αl (ξ)D
α ∂u

0(x)

∂xj

=
s∑

l=0

εl−1
n∑

α1,... ,αl=1

∂Nα1···αl (ξ)
∂ξj

Dαu0(x)

Furthermore, we have the following equation which holds in the sense of
distributions:

∂

∂xi

(
aij (

x

ε
)
∂uεs

∂xj

)
=

s∑

l=0

εl
n∑

α1,... ,αl=1

aij (ξ)Nα1···αl (ξ)D
α ∂

2u0(x)

∂xi∂xj

+
s∑

l=0

εl−1
n∑

α1,... ,αl=1

aij (ξ)
∂Nα1···αl (ξ)

∂ξj
Dα ∂u

0(x)

∂xi

+
s∑

l=0

εl−1
n∑

α1,... ,αl=1

∂(aij (ξ)Nα1···αl (ξ))
∂ξi

Dα ∂u
0(x)

∂xj

+
s∑

l=0

εl−2
n∑

α1,... ,αl=1

∂

∂ξi

(
aij (ξ)

∂Nα1···αl (ξ)
∂ξj

)
Dαu0(x)

+Rc(ε, ξ, x)

From (4.1) and (4.2), we have ‖Rc‖0,∂Ez ≤ C · δβ0/2, where Ez = ε(z+Q).
From (2.2),(2.3) and (2.5), if u0 ∈ Hs+2(�), s ≥ 2, then we have the following

equality which holds in the sense of distributions:

Lε(uε − uεs ) = f (x)− Lεuεs
= εs−1

n∑

α1,... ,αs+1=1

aiα1(ξ)
∂Nα2···αs+1(ξ)

∂ξi
Dαu0(x)

+εs−1
n∑

α1,... ,αs+1=1

∂

∂ξi

(
aiα1(ξ)Nα2···αs+1(ξ)

)
Dαu0(x)

+εs−1
n∑

α1,... ,αs+1=1

aα1α2(ξ)Nα3...αs+1(ξ)D
αu0(x)
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+εs
n∑

α1,... ,αs+2=1

aα1α2(ξ)Nα3···αs+2(ξ)D
αu0(x)

+Rc(ε, ξ, x)
= F0(ε, ξ, x)+ Rc(ε, ξ, x) (5.2)

where ‖F0‖0,� ≤ C · εs−1.
It is not difficult to check that

σε(u
ε
s ) ≡ −νiaij (x

ε
)
∂uεs

∂xj

=
s∑

l=1

εl−1
(
σξ (Nα1···αl )+ νiaiα1(ξ)Nα2···αl (ξ)

)
Dαu0(x)

+O(εs) (5.3)

Suppose A�ε(u, v) = ∫

�ε
aij (

x
ε )
∂u
∂xj

∂v
∂xi

dx, Ez = ε(z+Q), we have

A�ε
(
uε − uεs , u

ε − uεs

)
=

(
Lε(uε − uεs ), u

ε − uεs

)

+
∑

z∈Tε

∫

∂Ez

σε(u
ε − uεs ) · (uε − uεs )d
x

= (F0, u
ε − uεs )

−
∑

z∈Tε

∫

∂Ez

σε(u
ε
s ) · (uε − uεs )d
x = (F0, u

ε − uεs )

−
∑

z∈Tε

s∑

l=1

∫

∂Ez

σξ (Nα1···αl )D
αu0(x) · (uε − uεs )d
x

−
∑

z∈Tε

∫

∂Ez

Rs · (uε − uεs )d
x (5.4)

where ‖Rs‖0,∂Ez ≤ C · εs .
From (4.1), (4.2),(5.2) and (5.3), one gets

‖uε − uεs‖1,�ε ≤ C{·εmin(3,s−1) + δβ0/2}
≤ C · εmin(3,s−1), s ≥ 2 (5.5)

Here choose a sufficiently small δ > 0 such that δβ0/2 ≤ εmin(3,s−1).
On the other hand, for s = 1, if u0 ∈ H 3(�), by means of Theorem 2.29 of [7,

pp. 45](Also, see [18, pp.124]), one has

‖uε − uεs‖1,�ε ≤ C · ε1/2 (5.6)

Therefore the proof of Theorem 5.1 is complete.
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Theorem 5.2 Suppose that �ε is a bounded perforated domain satisfying condi-
tions (B1) − (B3), (HS) . Let uε(x) be the weak solution of problem (1.1), and
uεs (x), u

ε,b(x), Uε
s (x) be given in (2.7), (2.8) and (2.9), respectively. Under the

assumption (A1) − (A3), (MS), if aεij ∈ C0(�
ε
), f ∈ Hs(�), ū ∈ H 1/2(∂�),

then it holds

‖uε − Uε
s ‖1,�ε ≤

{
C · ε1/2, s = 1
C ·min{ε1/2, ζs}, s ≥ 2

(5.7)

where ζs = εmin(3,s−1) +
( ∫

∂�0∩∂�1

(
[σε(Uε

s )]
)2
d


)1/2
, s ≥ 2.

Proof Under the assumption of (HS) and (MS), using Theorem 4.1 in the previous
section, and Theorem 2.29 of [7, pp. 45] (Also, see [18, pp.124]), we have

‖uε − uε1‖1,�ε0 ≤ C · ε1/2 (5.8)

where �ε0 ⊂⊂ �ε as shown in Fig. 1.1.
On the other hand, it follows from the boundary conditions of Nα(ξ) on the

∂Q and the trace theorem for boundary layer that

‖uε − uε,b‖1,�1 ≤ C‖uε − u0‖1/2,∂�0∩∂�1 ≤ C‖uε − uε1‖1,�ε0 ≤ C · ε1/2 (5.9)

For s ≥ 2, if x ∈ �ε0, then we have the following equation which holds in the
sense of distributions:

Lε(uε − Uε
s ) ≡ Lε(uε − uεs ) = εs−1

n∑

α1,... ,αs+1=1

aα1j (ξ)
∂Nα2···αs+1(ξ)

∂ξj
Dαu0(x)

+εs−1
n∑

α1,... ,αs+1=1

∂

∂ξi

(
aiα1(ξ)Nα2···αs+1(ξ)

)
Dαu0(x)

+εs−1
n∑

α1,... ,αs+1=1

aα1α2(ξ)Nα3···αs+1(ξ)D
αu0(x)

+εs
n∑

α1,... ,αs+2=1

aα1α2(ξ)Nα3···αs+2(ξ)D
αu0(x)

= F1(ε, ξ, x)+ Rc(ε, ξ, x) (5.10)

If x ∈ �1, combining (2.8) and (2.9), then it holds

Lε(uε − Uε
s ) = Lε(uε − uε,b) = f (x)− f (x) = 0 (5.11)
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Setting the text function v(x) = uε − Uε
s ∈ H 1(�ε, ∂�), and combining (4.10)

and (4.11),one yields
∫

�ε

aij (
x

ε
)
∂(uε − Uε

s )

∂xi

∂(uε − Uε
s )

∂xj
=

∫

�ε

F1 · (uε − Uε
s )dx

+
∫

∂�0∩∂�1

[
σε(U

ε
s )

]
(uε − Uε

s )d
x

−
∑

z∈Tε

s∑

l=1

∫

∂Ez

σξ (Nα1···αl )D
αu0(x)

·(uε − Uε
s )d
x

−
∑

z∈Tε

∫

∂Ez

Rs · (uε − Uε
s )d
x

From (4.1) and (4.2), we have

‖uε − Uε
s ‖1,�ε ≤ C

[
εmin(3,s−1) + δβ0/2 +

( ∫

∂�0∩∂�1

(
[σε(U

ε
s )]

)2
dx

)1/2]

≤ C
[
εmin(3,s−1) +

( ∫

∂�0∩∂�1

(
[σε(U

ε
s )]

)2
dx

)1/2]
(5.12)

Besides, following along the lines of proofs of ( 5.8) and (5.9)( see, [7,18]), we
have

‖uε − Uε
s ‖1,�ε ≤ C · ε1/2, s ≥ 2 (5.13)

Combining (5.12) and (5.13) leads

‖uε − Uε
s ‖1,�ε ≤ C ·min(ε1/2, ζs), s ≥ 2 (5.14)

where ζs = εmin(3,s−1) +
( ∫

∂�0∩∂�1

(
[σε(Uε

s )]
)2
dx

)1/2
.

Therefore the proof of Theorem 5.2 is complete.

6 The Regularity Estimate and Finite Element Computation of Boundary
Layer

We first give a priori estimate result for the solution of boundary layer (2.8).

Theorem 6.1 Let uε,b(x) be the weak solution of problem (2.8). If aij ∈ L∞(�), f
∈ L2(�), ū ∈ H 1/2(∂�), then it holds

‖uε,b‖1,�1 ≤ C
(
‖f ‖0,� + ‖ū‖1/2,∂�

)
(6.1)

where C is independent of ε, uε,b, f, ū.
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Proof It is easy to verify that (uε,b−u0) ∈ H 1(�1, 

∗∪∂�) satisfies the following

integrating identity:

∫

�1

aij

(x

ε

) ∂uε,b(x)

∂xj

∂v(x)

∂xi
dx =

∫

�1

f (x)v(x)dx, ∀v ∈ H 1(�1, 

∗ ∪ ∂�) (6.2)

where H 1(�1, 

∗ ∪ ∂�) = {v ∈ H 1(�1), v|
∗∪∂� = 0}, and 
∗ = ∂�0 ∩ ∂�1

shown in (2.8).
It follows from the conditions (A2) and (A3), and the trace theorem that

σ‖uε,b − u0‖2
1,�1

≤
∫

�1

aij

(x

ε

) ∂(uε,b − u0)

∂xj

∂(uε,b − u0)

∂xi

=
∫

�1

f (x)(uε,b(x)− u0(x))dx

−
∫

�1

aij

(x

ε

) ∂u0

∂xj

∂(uε,b − u0)

∂xi

≤ C
(
‖f ‖0,�1‖uε,b − u0‖0,�1

+‖u0‖1,�1‖uε,b − u0‖1,�1

)

≤ C
(
‖f ‖0,�1 + ‖u0‖1,�1

)
‖uε,b − u0‖1,�1

Therefore

‖uε,b − u0‖1,�1 ≤ C
(
‖f ‖0,�1 + ‖u0‖1,�1

)

and

‖uε,b‖1,�1 ≤ C
(
‖f ‖0,�1 + ‖u0‖1,�1

)
≤ C

(
‖f ‖0,� + ‖ū‖1/2,∂�

)

We now consider the boundary value problems only in the two dimensional
case without loss of generality.

Theorem 6.2 Suppose�0, �1 = �\�0 ⊂ R2 are shown in Figs. 2.1 and 2.2. Let
uε,b(x) be the weak solution of boundary value problem (2.8) with pure Dirich-
let boundary conditions. If aij (

x
ε ) ∈ C0(�

ε
),∇ξ aij ∈ L∞(�), f ∈ L2(�), ū ∈

W 3/2,p(∂�), then there exists 1 < p0 < +∞, such that

uε,b ∈ W 2,p(�1), 1 < p ≤ p0 (6.3)

‖uε,b‖2,p,�1 ≤ C1(p, ε) · (‖f ‖0,p,� + ‖ū‖2,p,�) (6.4)

where C1(p, ε) ≤ Cε−2, and C is a constant independent of ε.
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Before giving the proof of Theorem 6.2, we shall consider the boundary value
problems over a concave domain �′ ⊂ R2:

{−�u = f (x) in �′
u(x) = 0 ∂�′ (6.5a)

Denoted by {σj }Mj=1 the angular points of �′, respectively, and where βjπ, j =
1, . . .M are the corresponding internal angles, i.e.

β1 ≤ β2 ≤ · · · ≤ βM, γj = 1

βj

Given 1 < βM ≤ 2 implies that 1
2 ≤ γM < 1. Let

Vj = {x ∈ �′ : |x − σj | < rj }, j = 1, . . . ,M (6.5b)

satisfy

Vi ∩ Vj = ∅, V0 = �′ \ ∪Mj=1V j (6.5c)

Lemma 6.1 [12] Suppose u is the unique solution of problem (6.5 a), and f ∈
L2(�), then it holds

u(x) =
M∑

j=1

cj (f )uj (x)+ U(x) (6.6)

where U ∈ H 2(�′) ∩H 1
0 (�

′), ‖U‖2 ≤ C‖f ‖0, and the constants cj (f ) satisfy
|cj (f )| ≤ C‖f ‖0, and uj (x), j = 1, 2. . . . ,M are some functions independent of
f (x), u(x), and satisfy the following conditions

(H1) If γj > 1, then uj (x) ≡ 0.
(H2) If x �∈ Vj , uj (x) ≡ 0.
(H3) If 1

2 < γj < 1, then there exists the following formula in a neighborhood of
σj :

uj = ργj sinγjθ, if (ρ, θ) ∈ Vj (6.7)

where Vj = {x ∈ �′ : |x − σj | < rj }, j = 1, 2, . . . ,M.
(6.7) implies that |Dku| ≤ Cργj−|k| in a neighborhood of σj .

Let us turn to proof of Theorem 6.2.
According to the finite covering theorem, there exist a finite number of points

P1, . . . Pt , and the corresponding neighborhoods Ol , l = 1, . . . t , such that
(i) ∪tl=1Ol ⊃ �1;
(ii) diam(Ol) ≤ εR0, R0 will be chosen below.
(iii) Ii = {j : Oj ∩ Oi �= ∅, }, σ (Ii ) ≤ s0, where σ(Ii ) denote the numbers

of elements in Ii , respectively, i = 1, . . . t and s0 is a constant.
It follows from the partition of unity theorem that there existφl(x) ∈ C∞

0 (R
n),

l = 1, . . . t, such that 0 ≤ φl(x) ≤ 1, suppφl ⊂ Ol , and
∑t

l=1 φl(x) ≡ 1, in �1
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If let uε,b = ∑t
l=1 u

ε,b
l , u

ε,b
l = φl · uε,b, then we have

Lεuε,bl = φl · Lεuε,b + ηl (6.8)

where

ηl = − ∂φl
∂xj

[
∂

∂xi

(
aij

(x

ε

) )
uε,b + aij

(x

ε

) ∂uε,b

∂xj
]

−aij
(x

ε

)
[
∂φl

∂xi

∂uε,b

∂xj
+ uε,b

∂2φl

∂xi∂xj
] (6.9)

and ‖φl‖2,p ≤ Cε−2, consequently

‖ηl‖0,p,Ol∩�1 ≤ C
1

ε2 ‖uε,b‖1,p,Ol∩�1 (6.10)

∀R > 0, let ωε(R) = max
i,j

max
|x−x ′|<εR

|aij (xε )− aij (
x ′
ε )|, x, x ′ ∈ �1

For any fixed x0 ∈ Ol ∩�1, setAε = (aij (
x0
ε )), it follows from (A3) that there

exists a orthogonal matrix T such that

TAεT ′ =
(
λ1 0
0 λ2

)

= D

where T ′ denotes the transpose of a matrix T .
From (A2), we have λi ≥ σ > 0, i = 1, 2. If let B = D−1/2T , then

BAεB ′ = I , and ‖B‖2 = ‖D−1/2‖2 ≤ σ−1/2. Hence

‖B−1‖2
2 = ‖D‖2 ≤

2∑

i=1

λi =
∑

i

aii(
x0

ε
) ≤ M0

where M0 is a constant independent of ε.
If let Ôl = B(Ol ∩ �1), then v̂(y) = v(B−1y) ∈ W 2,p(Ôl), for any v ∈

W 2,p(Ol ∩�1), where p will be determined below.

C‖v‖2,p,Ol∩�1 ≤ ‖v̂‖2,p,Ôl
≤ C ′‖v‖2,p,Ol∩�1 (6.11)

Let

g(x) = −aij
(x0

ε

) ∂2u
ε,b
l

∂xi∂xj
= −(aij

(x0

ε

)
− aij

(x

ε

)
)
∂2u

ε,b
l

∂xi∂xj
− aij

(x

ε

) ∂2u
ε,b
l

∂xi∂xj

= −(aij
(x0

ε

)
− aij

(x

ε

)
)
∂2u

ε,b
l

∂xi∂xj
+ φl(x)f (x)+ ηl(x)+ ∂

∂xi
(aij

(x

ε

)
)
∂u

ε,b
l

∂xj

From (6.10), (6.11) and condition ∇ξ aij ∈ L∞(�), one derives

‖g‖0,p,Ol∩�1 ≤ ωε(R)‖uε,bl ‖2,p,Ol∩�1

+C 1

ε2
‖uε,b‖1,p,Ol∩�1 + C‖f ‖0,p,Ol∩�1 (6.12)
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On the other hand, if let ûε,bl (y) = u
ε,b
l (B

−1y), ĝ(y) = g(B−1y), then

aij

(x0

ε

) ∂2u
ε,b
l

∂xi∂xj
= �ûε,bl (y), y = Bx

and consequently

�ûε,bl (y) = ĝ(y)

It follows from Lemma 6.1 and (6.7) that

‖ûε,bl ‖2,p,Ôl
≤ C(p){‖�ûε,bl ‖0,p,Ôl

+ ‖u0‖2,p,Ol∩�1}
= C(p){‖ĝ‖0,p,Ôl

+ ‖u0‖2,p,Ol∩�1} (6.13)

where 1 < p ≤ p0 = 2β ′
M

2β ′
M − 1

< +∞, andβ ′
M depends on not only the maximum

internal angle of �1, but the transformation B also.
Combining (6.11), (6.12) and (6.13), it leads

‖uε,bl ‖2,p,Ol∩�1 ≤ C(p){ωε(R)‖uε,bl ‖2,p,Ol∩�1 + 1

ε2 ‖uε,b‖1,p,Ol∩�1

+‖f ‖0,p,Ol∩�1 + ‖u0‖2,p,Ol∩�1}
If aij (xε ) ∈ C0(�1), then there exists a constant R0 > 0 such that

ωε(R) <
1

3C(p)
for 0 < R < R0

Hence

‖uε,bl ‖2,p,Ol∩�1 ≤ C(p)ε−2{‖uε,bl ‖1,p,Ol∩�1 + ‖f ‖0,p,Ol∩�1 + ‖u0‖2,p,Ol∩�1}
≤ C(p)ε−2{‖f ‖0,p,Ol∩�1 + ‖u0‖2,p,Ol∩�1}

Therefore

‖uε,b‖2,p,�1 = |
t∑

l=1

u
ε,b
l ‖2,p,�1 ≤

t∑

l=1

‖uε,bl ‖2,p,Ol∩�1

≤ C(p)ε−2{‖f ‖0,p,� + ‖u0‖2,p,�}
≤ C1(p, ε){‖f ‖0,p,� + ‖ū‖2,p,�}

In finite element computation of boundary layer, one needs to solve the modified
equation as follows:






Lεũε,b ≡ − ∂
∂xi

(aij (
x
ε )
∂ũε,b(x)
∂xj

) = f (x), x ∈ �1

ũε,b(x) = ū(x), x ∈ ∂�
ũε,b(x) = ũ0

h(x) x ∈ 
∗ = ∂�0 ∩ ∂�1

(6.14)

where ũ0
h(x) is the finite element approximate solution of ũ0(x), and h is the size

of mesh for domain �.
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Let Fh1 = {e} be a regular family of triangulations for subdomain�1 = �\�0

as shown in Fig. 2.2, h1 = max
e∈Fh1

{he}, 0 < h1

ε2 << 1.

Define a linear finite element space

V εh1
(�1)={v ∈ C0(�1) : v|e ∈ P1(e), v|∂�0∩∂�1 = ũ0

h(x), v|∂� = ū(x)} (6.15)

Theorem 6.3 Let uε,b(x), ũε,b(x) be the weak solutions of problems (2.8) and
(6.14) with pure Dirichlet boundary conditions, respectively, and let ũε,bh1

(x) be the
finite element solution of ũε,b(x) in V εh1

(�1). If f ∈ Lp(�), ū ∈ W 3/2,p(∂�), then
it holds

‖uε,b − ũ
ε,b
h1

‖1,p,�1 ≤ C
{
h0 + h+ (

h1

ε2

)}(
‖f ‖0,p,� + ‖ū‖3/2,p,∂�

)
(6.16)

where 1 < p ≤ p0 < +∞, and h1 is the mesh size of �1.

Proof It follows from Theorem 6.2 that there exists a constant 1 < p0 < +∞
such that, if 1 < p ≤ p0, then ũε,b ∈ W 2,p(�1), and

‖ũε,b − ũ
ε,b
h1

‖1,p,�1 ≤ Ch1‖ũε,b‖2,p,�1

≤ C(
h1

ε2 )
{
‖f ‖0,p,� + ‖ū‖3/2,p,∂� + ‖ũ0‖2,p,�

}

Using the triangular inequality, one derives

‖uε,b − ũ
ε,b
h1

‖1,p,�1 ≤ ‖uε,b − ũε,b‖1,p,�1 + ‖ũε,b − ũ
ε,b
h1

‖1,p,�1

≤ ‖u0 − ũ0
h‖1,p,�

+C(h1

ε2 ){‖f ‖0,p,� + ‖ū‖3/2,p,∂� + ‖ũ0‖2,p,�}

≤ C{‖u0 − ũ0‖1,p,� + ‖ũ0 − ũ0
h‖1,p,�}

+C(h1

ε2 ){‖f ‖0,p,� + ‖ū‖3/2,p,∂� + ‖ũ0‖2,p,�}

≤ C
{
h0 + h+ (

h1

ε2 )
}(

‖f ‖0,p,� + ‖ū‖3/2,p,∂�

)

7 Multiscale Finite Element Method and Numerical Results

To summarize the theoretical results in the previous sections, one can conclude
that the multiscale finite element method consists of the following steps:

Step 1: Compute successively the functions Nα1(ξ), . . . , Nα1···αs (ξ), s ≥ 1
given in (2.2),(2.3) and (2.5) in the unit cell Q ∩ ω.
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Step 2: Solve numerically the homogenized equation (2.6) in the whole domain
� in a coarse mesh.

Step 3: Solve numerically the boundary layer (2.8) in a domain�1 in a refined
mesh.

Step 4: Calculate successively the higher-order partial derivatives of the solu-
tion u0(x) of the homogenized equation (2.6) by using higher-order difference
quotients.

To do so, we need to implement the partitions forQ∩ω,�, and�1, respectively.
Denoted by h0, h, h1 the sizes of the corresponding meshes.

It should be emphasized that we cannot directly take higher-order partial deriva-
tives for the finite element solution u0

h(x) of the solution u0(x) for the homogenized
equation (2.6). Otherwise, one will get some meaningless results, for example,
Dαu0

h(x) = 0, if |α| ≥ 2 for the linear finite element. We now present the finite
difference method for calculating the higher-order partial derivatives of the solution
u0(x) . First, define the first-order difference quotient as follows:

δxi u
0
h(Np) = 1

τ(Np)

∑

e∈σ(Np)
[
∂u0

h

∂xi
]e(Np) (7.1)

where σ(Np) is the set of elements with nodeNp, τ(Np) is the number of elements

of σ(Np), u0
h(x) is the finite element solution of u0(x) in Sh(�), [

∂u0
h

∂xi
]e(Np) is

the value of the derivative
∂u0

h

∂xi
at node Np associated with element e.

Secondly, the higher-order difference quotients can be given

δlxα1 ,...xαl
u0
h(Np) = 1

τ(Np)

∑

e∈σ(Np)




d∑

j=1

δl−1
xα1 ...xαl−1

u0
h(Pj )

∂ψj

∂xαl





e

(Np) (7.2)

where d is the number of nodes on e, Pj are the nodes of e, ψj(x) are Lagrange’s
type shape functions, j = 1, 2 . . . d.

In a word, a multiscale finite element method can be written as

U
ε,h0,h
s,h1

(Np) =






u0
h(Np)+

s∑

l=1
εl

n∑

α1,... ,αl=1
Nh0
α1···αl (ξ(Np))δ

l
xα1 ...xαl

u0
h(Np), Np ∈ �ε0

u
ε,b
h1
(Np), Np ∈ �1, s ≥ 1

(7.3)

Next let us show some numerical results.

Example 7.1 Consider the mixed boundary value problem of second order elliptic
equation with highly oscillatory coefficients as follows:






Lεuε ≡ − ∂
∂xi

(aij (
x
ε )
∂uε(x)
∂xj

) = f (x), x ∈ �ε

σε(u
ε) ≡ −νiaij (xε )∂u

ε

∂xj
= 0, x ∈ Sε

uε(x) = 0 x ∈ ∂�

(7.4)
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where�ε is a bounded perforated domain as shown in Fig. 7.1, Sε is the surface of
holes, and ∂� is the outer boundary of domain�ε. Notice that�ε is not the union
of entire periodic cells, generally speaking, the truncated function uεs (x) does not
satisfy the boundary conditions for the solution uε(x) on the boundary ∂�, so we
need to construct the boundary layer. The unit cellQ∩ω is shown in Fig. 7.2, ε = 1

12 .

Case 1: aij0 = 1.0δij , aij1 = 20.0δij , f (x) = 10;
Case 2: aij0 = 1.0δij , aij1 = 114.0δij , f (x) = 2ex

2+y2 +log(x+y+10);
Case 3: aij0 = 1.0δij , aij1 = 0.008δij , f (x) = 10.

where δij is a Kronecker delta.

Fig. 7.1 The whole domain �ε

Fig. 7.2 The unit cell Q ∩ ω
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Table 1 The comparison of computational amount

original equation cell problem homogenized equation boundary layer

elements 37696 1296 10224 3024
nodes 19813 1369 5245 1764

Table 2 The comparison of computational results

‖e0‖L2

‖u0‖L2

‖e1‖L2

‖Uε
1 ‖L2

‖e2‖L2

‖Uε
2 ‖L2

‖e0‖H1

‖u0‖H1

‖e1‖H1

‖Uε
1 ‖H1

‖e2‖H1

‖Uε
2 ‖H1

Case 1 0.046468 0.009933 0.010026 0.191074 0.056482 0.055872
Case 2 0.083461 0.055794 0.055989 0.250699 0.086833 0.085923
Case 3 0.076103 0.056306 0.052530 0.395522 0.335061 0.304321

We first state that, in order to compute numerically the original problem in
a refined mesh, and to compare with the related computational results, we only
do numerical experiment for a simple model problems (7.4). If we do not need to
compute numerically the original problem in a very refined mesh, then we can treat
much more complex problems, e.g. heat transfer problems in 3-D porous media.
We now implement the triangular partition for �ε, which is such that the discon-
tinuities of the coefficients aij coincide with sides of the triangles. The number of
triangles is 37696.

In order to solve numerically the cell problems (2.2),(2.3)and (2.5), the homog-
enized equation (2.6) and boundary layer (2.8), we implement the rectangular par-
tition for Q ∩ ω, the triangular partition for �, and the triangular partition for �1,
respectively. The sizes of the corresponding meshes are respectively h0 = 1

36 , h =
1
48 , h1 = 1

48 .
For simplicity, let uε(x) denote the finite element solution for the solution of

problem (7.4) in a refined mesh, and u0(x) denote the finite element solution for
the corresponding homogenized equation (2.6) in a coarse mesh.Uε

1 (x), U
ε
2 (x) are

respectively the first-order and the second-order multiscale finite element solutions
calculated by the formulas (7.3). Set e0 = uε − u0, e1 = uε −Uε

1 , e2 = uε −Uε
2 .

Some numerical results are given in Table 2.
Figs. 7.3a-7.3d show some numerical results in Case 2.

Remark 7.1 Observe some numerical results shown in Table 2, we can deduce
that, if aεij (

x
ε ) in different parts of the unit cell Q ∩ ω are close, then homogeni-

zation has the better accuracy (see, Case 1), but if the differences are large, then
homogenization is not good(see, Case 2,3). In the latter cases, one needs to use the
first-order, or even the higher-order asymptotic methods presented in this paper.

Remark 7.2 Finally, it should be emphasized that the proposed method in this
paper is suitable for the subdivided periodic domains(or also called local peri-
odic structures). The reason is that, generally speaking, the asymptotic solutions
uεs /∈ H 1(�ε) if they are obtained by some classical methods(cf. [4,18]). How-
ever, the proposed method in this paper can guarantee the asymptotic solutions
uεs ∈ H 1(�ε), due to the homogeneous Dirichlet boundary conditions on ∂Q.
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11. Gilbarg, D., Hörmander, L.: Intermediate Schauder Estimates.Archiev for Rational Mechan-
ics and Analysis 74, 297–318 (1980)

12. Grisvard, P.: Behavior of the solutions of an elliptic boundary value problem in a polygonal
or polyhedral domain, Numerical Solution of Partial Differential Equations-III (B. Hubbard
Editor) Academic Press, New York, 1976 pp. 207–274

13. Hornung, U.: Homogenization and Porous Media, Springer-Verlag, New York, 1997
14. Hou, T.Y., Wu, X.H., Cai, Z.: Convergence of a multiscale finite element method for elliptic

problems with rapidly oscillating coefficients. Math. Comp. 68, 913–943 (1999)
15. Jikov, V.V., Kozlov, S.M., Oleinik, O.A.: Homogenization of Differential Operators and

Integral Functionals, Springer-Verlag, Berlin, 1994
16. Lions, J.L.: Some methods for mathematical analysis of systems and their controls, Science

Press, Beijing, 1981
17. Lions, J.L.: Asymptotic expansions in perforated media with a periodic structure, the rocky

mountain. J. Math. 10(1), 125–144 (1980)
18. Oleinik, O.A., Shamaev, A.S., Yosifian, G.A.: Mathematical Problems in Elasticity and

Homogenization, North-Holland, Amsterdam, 1992
19. Walker, J.S.: Fourier Analysis, Oxford University Press, New York, Oxford, 1988


