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Abstract

In this paper, semi-discretizations and full-discretization of the Leznov lattice are investigated via
Hirota’s bilinear formalism. As a result, two integrable semi-discrete versions and one fully discrete
version for the Leznov lattice are found. Béacklund transformations, nonlinear superposition formulae
and Lax pairs for these discrete versions are presented.
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1 Introduction

The nonlinear two-dimensional Leznov lattice given by [1]

2

920y Inf(n) =0(n+ 1)p(n+1) —20(n)p(n) +0(n — )p(n — 1), (1)
a;;yn) —0(n+1)—0(n—1), (2)
is a special case of the so-called UToda(mi,mg) system with my = 1,ms = 2. If we set the variable

transformationsa(n) = p(n + 1),¢(n) = 6(n + 1), then (1) and (2) can be transformed into the form

ay(n) =c(n+1) —c(n —1), (3)
by(n) =a(n —1e(n — 1) — a(n)e(n), (4)
cx(n) = c(n)[b(n) — b(n +1)], ()

which is a two-dimensional generalization of the Blaszak-Marciniak lattice[2, 3]

at(n) =c(n+1) —c(n—1), (6)
be(n) = a(n — 1)e(n — 1) — a(n)e(n), (7)
ci(n) = c(n)[b(n) — b(n + 1)]. (8)
In 1985, Kupershmidt proposed the following integrable lattice [4]:
it (n) = qi(n)[go(n +14) — go(n)] + gi+1(n) — gix1(n— 1), 0<i< N, (9)
an,t(n) = gy (n)[go(n + N) — go(n)]. (10)

Obviously, when N = 1, by the variable transformation ¢ (n) = e*(™~%("=1 system (9),(10) is nothing but
the Toda lattice

Utt(n) — eu(n+1)—u(n) _ eu(n)—u(n—l). (11)
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When N = 2, by the Miura-like transformation

qo(n) = =b(n=1), q(n)=aln—-1ecn-1), ga(n) = c(n)e(n —1). (12)

the system (9)-(10) can be transformed into the three-field Blaszak-Marciniak lattice (6)-(8). From above
observation we can see that two dimensional Toda lattice

Uts(n) _ eu(n+1)—U(n) _ eu(n)—u(n—l) (13)

is different from the two-dimensional Leznov lattice since their one-dimensional versions correspond to dif-
ferent N values in the Kupershmidt lattice (9)-(10). For the two-dimensional Toda lattice, its integrable
discretization form is the famous fully discrete KP equation (or Hirota-Miwa equation). It is quite natural
and reasonable for us to consider integrable discrete versions for the two-dimensional Leznov lattice from
the point of mathematical structure and substantial physical application. The purpose of this paper is to
propose some discrete versions for the two-dimensional Leznov lattice. Until now, much attention has been
paid to the problem of integrable discretizations of integrable systems. (See, e.g., [5]-[9] and references
therein). It is highly nontrivial and of considerable interest to find integrable discretizations for integrable
equations. Various approaches to the problem of integrable discretization are currently available. One of
them is Hirota’s approach [10]-[15]. Traditionally, Hirota’s discretization of integrable equations is based on
gauge invariance and soliton solutions. Here, we emphasize on discretizing integrable equations such that
the resulting discrete bilinear equations have bilinear Backlund transformations. As a bonus, by doing so, we
can usually derive Lax pairs for the resulting discrete equations. This method has been successfully applied
to the discretization of 241 dimensional sinh-Gordon equation [16].

It is well known that a variety of nonlinear integrable equations share many common features, among
which are so called Backlund transformations(BTs) and their associated nonlinear superposition formulae[17,
18, 19]. We can usually derive the nonlinear superposition formulae from the commutability of BTs. In the
paper, we will show that the obtained semi-discretizations and full-discretization of the Leznov lattice do
have such nice properties.

The content of the paper is organized as follows. In section 2, an y-discrete version of the Leznov lattice
is found. A BT and the corresponding nonlinear superposition formula and Lax pair are shown. In section 3,
an z-discrete version of the Leznov lattice is found, its associated BT, superposition principle and Lax pair
are given. Furthermore, a fully discrete version of the Leznov lattice is worked out in section 3. It turns out
that the resulting fully discrete version of the Leznov lattice has a BT, nonlinear superposition formula and
Lax pair. In section 4, conclusion and discussions are given. Finally we list some bilinear operator identities
which are used in the paper in the appendix.

2 Integrable semi-discrete version of the Leznov lattice in y-direction
By the dependent variable transformation[20]

fln+1)f(n-1) _1D;Dyf(n)e f(n)

=T M TS -1
system (1)-(2) can be transformed into the form
%Dy(DmDyf(n) o f(n))e(ePn f(n)e f(n)) = 2sinh(D,) (el f(n)e f(n)) e f2(n), (14)

by introducing an auxiliary variable z and using (A31) from Appendix, we can decouple (14) into the bilinear
form :

(DyD, — 2P +2)f(n)e f(n) =0, (15)
(DyD, —2D.eP)f(n)e f(n) =0, (16)
we remark that the technique of introducing auxiliary variables and then transforming multilinear equations

into bilinear equations is typical in Hirota’s bilinear formalism. The Hirota bilinear differential operator
D,L”Dé€ and the bilinear difference operator exp(dD,,) are defined by [21], respectively,

. o o\"[o o\
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exp(dDy,)a(n) eb(n) = exp {5(;” - aan’)} a(n)b(n’) |n=n=a(n +06)b(n — 9).

In this section, we consider an integrable semi-discretization of the Leznov lattice (1)-(2). First of all, we
propose the following bilinear equations

%Dz sinh(6D,)) f e f = (2eP2T0Ps — 2e9Pu) fo f, (17)
(%Dm sinh(6D,)) — 2D,ePT0Pv) fo f =0, (18)

By some calculations, it is shown that in the continuum limit as § — 0, the system (17)-(18) is reduced
to the Leznov lattice (15)-(16). Therefore the system (17)-(18) serves as a y-direction discrete version for
(15)-(16). For simplicity we take 6 = 1 and rewrite variable y by m in the following discussion. In this case,
the system (17)-(18) becomes

D.ePrfof = (2P0 —2ePm)f o f, (19)
(DyePm — 2D ePmtPn)fo f = 0. (20)

By the dependent variable transformation

fm,n+l .= 1I1 fm+2,n’ (21)

Um,n = In y  Um,
m,n m,n

the bilinear equations (19)-(20) can be transformed into the following nonlinear form

Um+2,n — Um,n — Um,n+1 + Um,n = 07 (22)

Um—1,n—1"Um+1,n—1 Um+1,n —Um+3,n

Um—1,n,2€ — Um+1,n,z€

+4eum+3,n+17um+l,n71 _ 46um+l,n7umfl,n72 — 0 (23)

In fact, from (21) we can easily derive (22). In order to obtain (23), we need to use bilinear operator identity
(A32) from which it follows that

%sinh(Dm)[DmeDm fofleleP "t Pm fof] = 2sinh(D, + D,,)[eP™ TP f o fle[ePm fo f] (24)

where we have used (19) and (20). By some calculations, we can deduce (23) from (24).

Since we are looking for integrable discretization of the Leznov lattice, we need to show integrability of
(19)-(20). The justification to this is via Bécklund transformation and Lax pair. We will show that (19)-(20)
is integrable in the sense of having a Bécklund transformation and Lax pair. Concerning bilinear equations
(19)-(20), we have the following result:

Proposition 1. A Baicklund transformation for (19) and (20) is

(D. = Xe™ P — ) f(m,n)eg(m,n) =0,

(AePrm =2 P 9Pt 3 Dn g =300 =Dm) £(m, ) o g(m, m) = 0,

)
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where \, i,y and B are arbitrary constants.

Proof. Let f(m,n) be a solution of Eqs. (19) and (20). If we can show that Eqs. (25)-(27) guarantee that
the following two relations:

Py = [D.ePm — (2ePmTPn — 2¢Pm) | g(m,n) e g(m,n) = 0, (28)
Py = (DgePm — 2D, ePmtPr)g(m,n)eg(m,n) =0, (29)

hold, then Eqgs. (25)-(27) form a Bicklund transformation.



By use of (25)-(27), (A33), (A34), (A35), we have

"feg)
_Dn _Dn_p .. Dp., bu,p _Du_p
ST feg)e(e7F T fog) — dsinh() (e TP fag)e(em TP fag)
_ Dy Dp _Dn _
P AP fag 4267 fag)e(em TP fag) =0,
Thus we have proved that (28) holds. Similarly

—(ePm fof)Py = 25mh(Dy) (Do feg) e (fg) = 2D P fa f)(€7mgag) +2(eP™ fo f)(DoePF P gag)
+2(e" P fo f)(DePmgeg) — 2(Dse” fo f) (€77 TP gag)
—2(ePm P fo f)(DzePmgeg) +2(Dse” fo f) (PP gag

= 25i0h(D,,)(Ds f +9) + (f9) ~ AD- cosh(3 Do) (3727 fag)a (e3P fug)
—4(ePrHDn f o F)[(ePr P — ePm)gug] + A(PrHPn g g)[(ePr+Dm — P f o f]

=2 blnh(D7n)(D_Lf og) . (fg) + 2)\DZ COSh(%)(@D N . ) ° (67 2n 7Dmf og)

—(eP7 f o f)Py = 25i0b(Dy) (D] w9) e (fg) — Asinh(5 D) e F T2 fag)a e

= —2Asinh Dn

—~

= —2sinh(

m\b

b

+8sinh(Z1)(e TP fag)e(e” F P fag)]

= 2sinh(D,,)(Dyfeg)e(fg) +2AD, cosh(%)(eDm_ 5

%)(Ae '+D"”fog)o(ef%*D""f.g)]

= 2sinh(Dy)(Da feg) e (fg) — 4Asinh(Dy,)(fg) e (677" fog)
+2Asinh(Dp)[(D- f o g) (ePrfeg) + (Dee" P fog)e(fg)]

= 2sinh(D,,)[(Dy + 2Xe P — Aye™Pn 4 AD.e Pn) fagle(fg) = 0.

n

fog)e(e

“Prfeg)

—4 sinh(

Thus we have completed the proof of proposition 1. O

Using (25)-(27), we can easily obtain the following solution from the trivial solution f(m,n) = 1:
g(m,n) =1+ exp(n),

where n = pm + (In Mﬁ)n + [(3AZ + N)e?P — 3A% + Nz + [(A2 4 20)e?? — A% — 2) — (/\Jrzz)%]x and
y=Mp=-A—2,8=2\% -2\
Concerning the BT (25)-(27), we have the following result:

Proposition 2. Let fy be a solution of the semi-discrete Leznov lattice (19)-(20). Suppose that f;(i = 1,2)
is another solution of (19)-(20) which is related to fo under BT (25)-(27) with parameters (N\;, i, Vi, 3i) i-e.,

fo O p = 1,2), M2 £ 0, f; 0 (1= 0,1,2). Then fu5 defined by

e 3P foe f1g = K[A1e2Pm — AgeTEPn] fr o fo (30)

with k being a non-zero constant, is a new solution which is related to f1 and fo under the BT (25)-(27)
with parameters (A2, p2, Y2, B2), (A1, 1,71, B1), respectively.

As an application of the results, we can construct soliton solution of the semi-discrete Leznov lattice in
y-direction. Choose, for example, fo =1,k = 1/(A1 — A2). It can be easily verified that

(A1, p1,71, 81) 1+e™m (A2, p2, 72, B2)

(A2, p2,72, B2) 1+ e (A1, 11,71, 81)

where e = s?r;”ep””ql’y"’"?, pi = 2XNi(si — 1) + A2(s? — 1),qs = N — \isi, 1y = ()\ fi/zs’)l/27ﬁi =
=2\ = AL v = =iy = =2 = A,



A1 — doe™P1 Ae P2 — ), Ae P2 — e Pt
Fio=1 M 12 mtnz
R Vi Vet D Vs PO D v P
In Fig. 1 and Fig. 2, we show the plotting of the 2-soliton solution u, and v, respectively, plotted with
A1 =2.505, Ay = —3.832, 51 =0.8, s =0.654, m = —4, z =4.

0B

0s

04

03

0z

o1

-0 80 B0 400 20 0 20 40 60 g0 100

(@) (b)

Figure 1: The 2-soliton solution: (a) u,(x =0) , (b) uy
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Figure 2: The 2-soliton solution: (a) vz(x =0) , (b) vy

Starting from the bilinear BT (25)-(27), we can derive a Lax pair for the system (22)-(23). Firstly, set

Im,n+1 9m+2,n
wm,n = fm,n/gm,na Um,n = In s Umn = In
9m,n Im,n

n (25)-(27). Then from the bilinear BT (25)-(27) and after some calculations, we can obtain the following
Lax pair for (22)-(23):

)\wm+1’n6Um71,n—Um+1,n + 2wm+1,n+1 + /’[/’(ZJWL*l,TL = O7 (31)
_ 1 _
1Z)nm,n,m + )\2'¢Jm,n72eum’n Umn—2 iAwm,nflvm,n,zeum’n Umt2,n
+2)\wm7n_1eﬂ/rn+2,n+17'“/171,,11,71 + ﬂwm,n =0. (32)



By differentiating eq. (31) with respect to x and by use of (32) to eliminate ¥y+1,2, Ym+1,n+1,25 Pm—1,1,
also by use of (31) to express ¥m—1,; by ¥Ym+1,; and ¥p41,i+1(0 = n — 2,n — 1,n), we can find that the
coefficient of A2, 11,,—1 is just (23). Together with the coefficient of A\by,+1, we can obtain (22). So the
compatibility condition of (31) and (32) yields the semi-discrete system (22)-(23).

3 Integrable semi-discrete version of the Leznov lattice in x-direction

Similar to section 2, we first propose the following bilinear equations:

DyD.fef = (2" —2)fef, (33)
1
—sinh(eD,)Dyfef —2D,ePrtPefof =0. (34)
€
By some calculations, it is shown that in the continuum limit as € — 0, the system (33)-(34) is reduced
to the Leznov lattice (15)-(16). Therefore the system (33)-(34) serves as a x-direction discrete version for

(15)-(16). For simplicity we take e = 1 and rewrite variable x by k in the following discussion. In this case,
the system (33)-(34) becomes

Dysz'f = (26Dn - 2)f°fa (35)
(DyeP* — 2D, ePntPr)fo f =0. (36)

Through the dependent variable transformation

fn+1,k, fn,kJrl 7 (37)
fn,k: fnJc—l

the bilinear equations (35)-(36) can be transformed into the following nonlinear form

Up,k = In Upk = 1N

Unt1,k — Unk + Un k=1 — Un k+1 = 0, (38)
2eUnt1,k+1 " Un—1,k—1 _ QoUnt2,k+1 " Un k-1 + Unt1,k,yy + 'UnJrl,k,y(un,kfl,y _ un+1,k+1,y) =0. (39)

In fact, from (37) we can easily derive (38). In order to obtain (39), we need to use bilinear operator identity
(A38) from which it follows that

1

5 DyDye fo fle[eP P fo f] = 25inh(Dy + Dy)[e” f o f]o f (40)

where we have used (35) and (36). By some calculations, we can deduce (39) from (40).
Concerning the bilinear equations (35)-(36), we have the following results:

Proposition 3. A bilinear BT for equation (35) and (36) is

(Dy +A"te P + p)f(n, k) e g(n, k) =0, (41)
(Dee™ % = X' 4 ye= F) f(n,k) eg(n. k) = 0, (42)
(A tem T Dk _ 9D, 0k 2’}/6%+Dk + Be” E D)y fn,k)eg(n, k) = 0. (43)

where A\, p,y and B are arbitrary constants.

Proof. Let f(n,k) be a solution of Egs. (35) and (36). If we can show that Eqs. (41)-(43) guarantee that
the following two relations:
Py =[D,D, — (2P —2)]g(n, k) e g(n, k) = 0,
Py = (DyeP* — 2D, eP"TPr)g(n, k)eg(n, k) =0,

(44)
(45)
hold, then Egs. (41)-(43) form a Bdcklund transformation. In analogy with the proof already given in [20],
we know that P; = 0 holds. Thus it suffices to show that P, = 0. In this regard, by using (A33), (A39),



(A40), we have

~ P[Pt fo f] = 26mb(D)(Dyf 09) o (f9) — dsinb( ) (DocF TP fag)a(e” F P fug)
+4 Sinh(% + Dk)(e%fog) . (Dze_DT"f.g)
= —2)\"Usinh(Dy)(e P fog) e (fg) — 4sinh(%)(Dz€DTn+D’“f-g) (e FPrfag)

—4y sinh(& + Dk)(e%f-g)- (6_%]('9)

[\

D n n Dn n _Dn
= 2\~ sinh( 2")(6_D2 Dk fag)e (e 5 “Drfeg)— 4sinh(7)(DzeD2 Dk fag)e(e E Prfeg)
. v Dny, D _Dn
—4’ysmh(7)(e Ptk feg)e(e” 2 T Prfayg)
D, n n Dp n
= QSinh(T)[(A_le_ T Dk _ 9D, F 0k _ 2’}/6D2 'H:)k)f'g]°(€_D2 “Prfeg)=0.
Thus we have completed the proof of Proposition 3. O

Using (41)-(43), we can easily obtain the following solution from the trivial solution f(m,n) = 1:
g(m,n) =1+ exp(n),

where 7 = pn + (3 In %)k + At = A Hy+ A= dePlzandy= A\ u=—-\—2,8=1%2 -2\

Concerning the BT (41)-(43), we have the following result:

Proposition 4. Let fy be a solution of the semi-discrete Leznov lattice (35)-(36). Suppose that f;(i =1,2)

is another solution of (35)-(36) which is related to fo under BT (41)-(43) with parameters (N\;, wi, Vi, 3i) i-e.,
fo M) £ (= 1,2), MAa £0,£i £ 0 (i =0,1,2). Then fis defined by
1
e 30 fra fio = 7[)\26%’3" - )\167%D"]f10f2 (¢ is a nonzero constant), (46)
c

is a new solution which is related to fi and fo under the BT (41)-(43) with parameters (A2, pi2, Y2, B2),
(A1, p1,71, B1), respectively.
Starting from the bilinear BT (41)-(43), we can derive a Lax pair for the system (38)-(39). Firstly, set

1,k n,k+1
In In+1, L Upg = In In,k+

¢n,k = fn,k/gn,k; Un,k =
In.k In,k—1

n (41)-(43). Then from the bilinear BT (41)-(43) and after some calculations, we can obtain the following
Lax pair for (38)-(39):
Ail?ﬂn,k-i-leun’kiliumwrl _ 2/\wn+2,k+1 _ U7L+1,k,y¢n+1,k+1€un’k717un+1’k+1 + ﬂ¢n,k—1 — O, (47)
’(/}n,k:,y + A_lwnkaeun"k_unil’k + :U/wn,k =0. (48)

Similar to the deduction of compatibility in the above section, by differentiating eq. (47) with y and substitute
(48) into the differential expression to eliminate ¥g41,y, Ynt2,k+1,y> Ynti,k+1,y, V1,4, it can be shown that
the compatibility condition of (47)-(48) generates the system (38)-(39).

4 Integrable fully-discrete version of the Leznov lattice

First of all, we propose the following bilinear equations

%sinh(éDy)Dz fof = (2P TPy _2e9Du)f o f (49)
[é sinh(0D, ) sinh(eDy) — 2D, ePnToPvteDe] g £ — 0. (50)

In the continuum limit as e — 0 and 6 — 0, the system (49)-(50) is reduced to the Leznov lattice (15)-
(16). Therefore the system (49)-(50) serves as a full-discrete version for (15)-(16). For simplicity we take



e = 1,6 = 1 and rewrite variable y by m and x by k in the following discussion. In this case the system
(49)-(50) becomes

D,, Dyp+Dm Do,
D.ePmfeof = (2ePnTPm —2ePm)faf, (51)
[sinh(D,,) sinh(Dy,) — 2D, eP»TPmTDPk] £ f = 0. (52)
Through the independent variable transformation
fm,n+1,k fm,n,k+2
Um,n,k = In — s Ummnk = In Y (53)
fm,n,k fm,n,k
egs. (51) and (52) can be transformed into the nonlinear form
eumfl,nfl,ki»l_um+1,n,k+l+vmfl,n71,k71_vm+1,n,k71 _ eumfl,nfl,kfl_umi»l,n,kﬁ»l
+eum—3,n—1,k—1*um—l,n,k+1 _ 6u7n—3,n—1,k+17um,—1,n,k‘,+1+v'm,—3,n—1,k—17'Um—1,n,k—1
+86um,+1,n+l,k+1_u7n71,n,k+1 — ReU¥m—1,n—1,k=1=Um—-3n-2,k-1 — (54)
)
Um,n,k+2 — Um,n,k + Umn,k — Umn+l,k = 0. (55)

In fact, from (53) we can easily derive (55). In order to obtain (54), we need to use bilinear operator identity
(A41) from which it follows that

% sinh(D,,)[sinh(D,,) sinh(Dy) f o f] e [ePm TP TPk f o f] = 2sinh(D,,, + Dy, 4+ D) (ePm P fo f) o (ePm fo f)

(56)
where we have used (51) and (52). By some calculations, we can deduce (54) from (56).
Concerning the bilinear equations (51)-(52), we have the following results:
Proposition 5. A Backlund transformation for the fully discrete Leznov lattice (51)-(52) is
Dy Dp Dn
(D,e2 —Xe” 2 —ve2 )feg=0, (57)
(NePm 4 2ePm+Dn 4 ye=Dmyfag =0, (58)
(Dze*%*Dk*D"" — 'ye*%*D’“*D"b + ieD"ﬁ%*Dk + /Be%JFD’CJFD"”)fog =0. (59)

24
where \, i,y and 3 are arbitrary constants.
Proof. Let f(n) be a solution of Egs. (51) and (52). What we need to prove is that the function g satisfying
(57)-(59) is another solution of Egs. (51) and (52), i.e.,
P, = [D.ePm — (2ePnHPm — 2¢Pm)|geg =0, (60)
P, = [sinh(D,,) sinh(Dy) — 2DzeD”+Dm+D’“]g-g =0. (61)
In the section 2, we have proved that (60) holds. Thus it suffices to show that P, = 0. In this regards, by
(A42)-(A43), we have
—Py[ePmH Pk f o f] = [(sinh(D,,) sinh(Dy) — 2D,ePn TPtk £ ¢ f][ePmtDrg e g)
—[(sinh(D,,) sinh(Dy,) — 2D, ePnTPmtPryg ¢ g][ePmtDr f ¢ f]

n

= sinh(Dy)(eP™ fog)e(e P fag) — 4sinh(% + Dy + D) (Dse'# fag)a(e 2 fag)

+4 sinh(%)(e%+D’“+Dmf'g)°(Dz€_%_Dk_Dmf'g)

= — L sinh(Dy) (e fog)e (P HP" fag) — 4y sinh(% + Di+ Dyp)(eF fog)e(e™ % fog)
+4 sinh(%)(e%+Dk+Dm'f-g)O(Dze_%_Dk_Dmf'g)

- g sinh(%)(e%”mwkf-g) o (ePrt 5 Drfg) — 4vsinh(%)(€%wkwmf-g) (7 F D fug)
+4sinh(%)(e%+Dk+DMf-g)-(Dze‘%‘D’“‘Dmf-g)

— 2sinh(20) (B Pt f 4 g) o [(u 1Pt H Dk _ 9o~ =Di-Din 4 9D =% ~Di=Dunyf gl = ).

Thus we have completed the proof of Proposition 5. O



Using the BT (57)-(59), we can obtain the following solution from the trivial solution f(m,n,k) = 1:
g(m,n, k) =1+ exp(n)

where 7 = 3(1n 2425 )+ gn -+ L (In 52RO+ (A= Aet)z and s = —2— A, f = A+ 157 = —A

Proposition 6. Let fy be a solution of the fully discrete Leznov lattice (51)-(52). Suppose that f;(i =1,2)
is another solution of (51)-(52) which is related to fo under BT (57)-(59) with parameters (N\;, wi, Vi, 3i) i-e.,

fo M) i =1,2), MAa £ 0, f; £ 0 (i = 0,1,2). Then fia defined by
(Ale%D” — )\26_%D")f1 ofo= kezDn foe fio (k is a nonzero constant), (62)

is a new solution which is related to f1 and fo under the BT (57)-(59) with parameters (A2, 2, v2, 82), (A1, 11,71, 1),
respectively.

In the following, we derive a Lax pair for the fully discrete Leznov equation (51)-(52). Let

P = 17 u= ln—gnﬂ7 V= ln—gkﬁ
g g g

Then from egs. (57)-(59) we can obtain

A
N1 -1 — MOt et k-1 + ZAm—l,n,k)ilfk—l

+(%Bm_17n7k - %Am_1,n,ka—1,n,k—l)wn+l,k—1 + wBYn+1,k4+1 =0, (63)
)‘1/}m+1 + l“/)m—l + QOm,n,kql}m—&-l,n—i-l = 0. (64)
In the above, we have denoted
Am,n,k = eumfl,nfl,kfl"rvmfl,n,kfl_um+1,n,k71_vm+1,n+l,k71 _ eumfl,n—l,k—l_um+1,n,k+l7
Bm,n,k’ = 67Jm—1,n,1«—1*Um+1m,-¢-1,1«—17 Cm,n,k = eu”m,+1,n,k7um,—1,n—1,k7

for simplicity. In order to derive Lax pair for (54)-(55), we first shift & to k + 1 in eq.(64), then substitute
those ¥ with index k +1 by k — 1, m — 1 by m + 1 by use of (63) and (64). Through some calculations we
can see that the compatibility condition of (63)-(64) generates eqs. (54)-(55). So they constitute the Lax
pair for (54)-(55).

5 Conclusion and discussions

In this paper,we have presented two semi-discrete integrable versions and one fully discrete integrable version
for the Leznov lattice. Corresponding BTs, nonlinear superposition formulae and Lax pairs are derived.
Based on these obtained results, it is natural to further consider some other integrable properties such as
determinant structures of N-soliton solutions for these semi-discrete and fully discrete integrable versions
of the Leznov lattice. Besides, it would be interesting to work out their pfaffian versions for these semi-
discrete and fully discrete Leznov lattice. Finally it is noted that in the paper the semi-discrete and fully
discrete forms are always compared with bilinear equations (15)-(16). It is natural to inquire what are
discrete analogues of (1)-(2) and what are the discretizations of p and 6. In order to answer these, let us
first consider y-directional discrete version of the Leznov lattice (17)-(18). In this case, we have the following
equation, by use of (A32) with D,,, = 6D,

2—(152 sinh(6D,)[Dy sinh(5D,) f « f]e [P TP f o f] = 2sinh(D,, + 6D,)) [P TPn fo fle[e?Pufof].  (65)

By the dependent variable transformation

fn+ Lz, y+8)f(n—1,2,y —9) 1 D, sinh(0Dy) fe f

f(n,x,y+5)f(n,m,y75) ’ p(n7w7y):276f(n+laxay+6)f(n717xvy76) (66)

O(n,z,y) =



From (65) and (66), we can easily derive y-directional discretization of the Leznov lattice (1)-(2)

1
ﬁ(p(n,x7y+5)—p(n,x7y—5)) :9(n+17337y+5)_9(”—1a9€71/—5)
1
L 050, In6(n, 7,) = 0(n + 1,2,y + p(n+ L,y + ) — 0, 2.+ )pln, 2,y +9)
X

_g(naxay - 5)p(n,x7y - 5) + 0(71 - 171.73/ - (5)])(” - ]-vxvy - 5)

We now turn to consider z-directional discrete version of the Leznov lattice (33)-(34). In this case, by the
following dependent variable transformation

f(n—i—l,x,y)f(n—l,a:,y)

0(7%3579) = f(n’x’y)f(n,l',y) ’
1 Dy sinh(eD,)f e f _ fn+1,z,y)
p(n,@,y) = 2fintLet+eyfin—1Lz—cy) q(n,x,y) = ey

and by use of (A38) with D,, = eD,,, we have from (33)-(34) the following z-directional discrete version of
the Leznov lattice (1)-(2)

py(n,x,y)29(n+1,x+e,y)—9(n—1,$—6,y) (67)
q(n,z,y)

O(n,z,y) = ———— 68

(n,29) qin—1,2,y) (68)

21 sinh(ed;) Inf(n,z,y) = p(n+1,z,y) gin+ 1,z +€y)

Ay € a(n,z = € y)
qg(n,z +¢€,y) an Lo +ey)
L 1 AT T HI) 69
p(n’m’y)Q(n—l,z—e,y)—’—p(n 7x’y)fl(”*Zx*E’y) o

Similarly we can also further consider fully discrete version of the Leznov lattice (1)-(2) by the dependent
variable transformation

fn+1,z,y+0)f(n—1,z,y —9)
f(n,:c,y+5)f(n,x,y75) ,

S+ Lz + e p)fne — 6y)

fin+ Lz —ey)f(n,x+evy)

and by use of (A4l) with Dy = eD, and D,,, = 6D,. In fact, from (49)-(50), we have

p(n,3,y) = sinh(eD,) sinh(dD,,) f o f

9(n7x,y>: _ﬁf(n+lax+eay+5)f(nf1,1’76;:[/75)

re(n,z,y) =

i[@(nvfay+5)_l7(nv$7y_5)] :9(n+1,x+e7y+5)—9(n—l,x—e,y—é)
26
1 1

4e6[f(n,x — e, y)p(n,z,y) —O0(n+ L,z + e, y)p(n+1,2,y)] = oy PR Sy e

1% sinh(ed;) sinh(60,) Inf(n, z,y) = Tis[lnre(n,m,y +2§) —Inrc(n,z,y) —Inre(n — 1, z,y) + Inre(n — 1, 2,y — 20)].
€ €

It can be easily verified that when § — 0, the above system becomes (67)-(69).
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Appendix A. Proofs of propositions 2, 4, 6

A.1 Proof of Proposition 2:

10



Analogous to the deduction in [22] and [23], we can show that

1
—D.fiefo+(v2—m)fifo— Ee_D”’fo-fm =0,
(D — X2eP" —32) fre f12 =0,
(D, — ArePn — Y1) f2e f12 =0.
(/\QeDm_%D" 4 2¢Pm+aDn 4 Mge_%D"_D’”)fvfm =0,
(

Dm—%Dn Dm+3Dn —3iDn—Dmy
Are 2 + 2e +3 + pie 2 )f20f12 =0,

Thus, in order to prove Proposition 2, it suffices to show that

Since f1 and fo are two solutions of (19), we have, by using (30), (A34)-(A37) and fo
that

0

so we have
1 Dy, _p. _Dn Dy
;eD’"*?f()'flz = (poe P2 — 1P T2 fr e fo.
Similarly,
Dp 2 Dy _Dn _ _ Dy
0 [(ePm= 7" + ZePmt™ + B 5 Py foe fille” Pt 2" fa e fo]
A1 A1
_Dn 2 Dn _Dn _ _ Dn
—[(ePmF 4 ZePmt I L B2 Dy o fol[e Pt R o ]
Ao Ao
2 Dyn _Dn Dy Dn , _
AlAfD"”(e > foefo)e[(Aoe™ 2 —Aie2 ) frefo] +e2 (e D’”fo°f0)°[(%eD’” -
~ 5 (¢~ DPm . o|— D . H1 D, . *& —Dm .
e 2 (e Joe fo)e| )\1)\%6 fo f12+/\16 frefa )\26 fre fal,

(Dy + 22 ae™ P — Ngyae P 4 XoDe P + o) fre f12 = 0,
(Dy +2Me P — Nyyre P + X\ De P + B1) fae f12 = 0.

Dy Dy Dy D _Dn
[(ApePm =2 4 2ePm 32" 4 e 2 7P foo fille P2 foe fo]

Dn, Dp _Dn _ _ _Dn
[QaePn 4 2P H L e H D) fou flle™ P fr e fo]

Dn

(NispisyisBi)
AN

fi (i=1,2),

6Dm(e_%fwfo)' [(Aie2 — )\26_%)f1'f2] + (G_D’"_%fo-fo)[(/ileD'"Jr% - M2€_Dm_%)f1 o f2]

_D. _Dn 1 _Dn Dn _p. _Dn
(e Pm=7 fo'fo)[;eDm 2 foo fiz+ pu1ePmTE fre fo — poe™ P fre fo],

which means that

2 —
EeDme'fn _ (Ml/\zeDm _ ,U2>\1€ Dm)flng.

11

(A9)



Since f; and fy are two solutions of (20), we have, by use of (30),(A8), (A9),that
0 = [(DIGD'/n _ QDZeDn+Dm)f1 .fﬂeDm foefo— [(DzeDvn _ 2DzeD7l+Dm)f2 .f2}eD7n fief1

= Dy(ePm frefa)e(e ™ fre fo) — 4D, COSh(%)(eD"ﬁ%fl o f2)e (eiD"ﬁ%fl . f2)
+8 Sinh(%)(eDm+DT"f1 o fa)e (e_Dm_%fl . f2)

—— Dy [(pA2e”™ — padie™Pm) fre fa] o (€7 P fro f2)
M1 A2

4 D Dy, _D, _DPn _
—IDZcosh(Tn)[(,uleDm+T — poe” P ) fre fo] e (€7 P

_Dn

2 fref2)

8 . D, Dp _D. _Dn _D. _Dn
+— sinh(=5)[(p1ePm 2 — pge P T E) fre fol o (7P T e fo)

[ 2
- ,uliszw(eDmeofm)o(e_D’"fl-f2)+,%1Dz COSh(%)(eDer%fo-fm)-(e_Dm_DQH fref2)
7%/11 Sinh(%)(eDer%fo'flz)'(eiDmi%fl'f2)
- misz(eD”‘fO o fi2)e (e P fre f2) + %meDmKszo-fQ) o(e7" frefrz) + (fof2) s (= DeeP" fio fra)
(Do fy f) o (frfra) — (€27 foo fo) o (Dafr o fia)] — %sinh(%)(ef?m%"fo-fm)-(e—Dm—%ﬁ o f2)
_ %MeDm(fofz)-[(Vze_D" = DeePr —2e7 )\% Do %)f e fiz

which implies that (A6) holds. Similarly, we can show that (A7) also holds. Therefore, we have completed
the proof of Proposition 2.

A2 Proof of Proposition 4:

Analogous to the deduction in [22] and [23], we can show that

C

=Dy frefo+ (1 — p2) fifz + o e P foe fi2 =0, (A10)
(Dy + 25 P" + o) fro fr2 = 0, (A11)
(Dy + A7 e™ P 4 1) fae fra = 0. (A12)
(Dzef% — )\26% -+ ’}/267%)]01 of12 = 0, (A13)
(Dze_% — )\16% + ’716_%)](2 of12 =0. (A14)
Thus, in order to prove Proposition 4, it suffices to show that
(Ajle™ 2 FDx _ 9D e HDx 9o D | Brem DR £ 4 f1y = 0, (A15)
(A TeFHPe — 2D e H P — 29 FHDE 4 gremH TP fou fry = 0. (A16)
From
1 _Dn Dp _Dn 1
N [(D.e” 2 —Xe 2 +vyie” 2 ) foe fi]fa(n — 5) (A17)
1 Dn Dp _Dp 1
—E[(DzefT — e +pe” 2 ) foe ol filn — 5) =0, (A18)

we can deduce that [24]
AoD.e/DPr L N D, e V/2Pr _9xom1e= /2P0 L 9N yoe™ VDPn) 11 o fo — eD,e™ /2P0 f o f15 = 0(A19)
(NisriyyisBs)

Since f1 and f; are two solutions of (35)-(36), we have, by using (46), (A10), (A15), (A19), and fo =~ "—

12



fi (Z = 1,2), that

0 = [(DyeP* —2D,ePntPr) f1 e file Pk fyo fo — [(DyeP* —2D,eP TP fo e fole Pk f10 fy

= 25inh(Di)(Dy o f2)+ (F1f2) — 2D- cosh( o 4 D) (e fue fo)o (7% fro )

~25inh(28 + DI(DeeF fre fo)o (e F fyo ) = (5 fre fa)o (Doe™ % o fo)]

— 250h(DU) (D, fre f)o (ffe) + 1 Decosh(- + D)lOae® = e ) fra faloleF frafo)
f% sinh(% £ D) [(MeDse® + M\Doe F frofo)]e (€2 fro fo)
(D2 fro fo)o[(Me™ F = Do ) fro fo]
= 25 sinh(Du) (P fow fa)a (fife) + 26Dz cosh(SE + D)(e¥ fra f)a (e F oo fi)
=S sinb( 4+ D) fos i) o (€F frefo)
fi—f sinh(D; + D)[(Dae™ % foo fiz) o (€ F fro fo) + (€ 2 foo f1z) e (Dae 2 fro fo)]
= T T fou ) e (7T frefua) = 05 NPT fowfo)e (P fre fro)

+2(6_D"_%f0 o f2)e (DzeDk—i_%fl o fi2) — 2(DzeD’“Jrj%nfo-f2) . (€_D’“_%f1 o fi2)
—2’72(€D’“+%f0 o f2)e (e_D’“_%fl o f12) + 2’72(6_Dk_%f0-f2) . (eDH%fl o f12)]

D

Dy

= e [P fye folo[(FAy e FHDE £ 2D, e FHDE 29y D B F DN f 4 fry)],

which implies that (A15) holds. Similarly we can prove (A16) also holds. Therefore we have completed the
proof of the propositions 4.

A

.3 Proof of Proposition 6:

we can show that

Thus,

—D.frefo+ (v2—m)fifo —kfofiz =0,

M1 AQ@Dm — /.1/2)\1 €_Dm)f1 ° f2 = 2k€Dm+D" fO ° f12

in order to prove Proposition 6, it suffices to show that

Dy Dn_p _ 1 Dy _ Dy
(Dyem 2 7 Pv=Dm oo D Dm o — Pt =Dk g g et F DD £ 10 =0, (A26)

2412
n n 1 n n
(Dze— Dz —Di—Dm _ ,yle—DT—Dk—Dm + ﬂeDm-‘ng —Dy, + ﬁleDT+Dk+Dm,)f2.f12 0. (A27)
1
From
1 Dy _ Dp Dy 1
)\T[(Dz@ 7 —Ne 2 —mye 2 ) foe fi]fa(n + 5) (A28)
1 Dn _Dn Dn 1
—)\—[(DzeT —dge 2 — e )f()-fg]fl(n + 5) =0, (A29)
2
we can deduce that [24]
Dy Dn _Dn _Dn Dn
kD,e™2 f00f12 + ()\1DZ€ 2+ MD.e” 2 )fl ofg + (2)\2’716 2 — 2)\1’)/26 2 )fl of2 =0. (A?)O)

13



Since f; and fy are two solutions of (57)-(59), we have, by using (62), (A21), (A30), (59) and fy (oo :85)

fi (i=1,2), that

0 = {[sinh(D,,) sinh(Dy) — 2D,eP P8 f1 0 f1} (e PPk fr 0 f3)
— {[sinh(D,y,) sinh(Dy) — 2D,ePr Pt Pe] o0 fo} (7P Prf10 f1)

= sinh(Dy) (€2 f1 o f2) o (e 7P fro f2) — 2D, cosh(% + Dy + Di) (€2 frofo)e(e™ 2 frofo)

—QSinh(% + D, + Dk)[(Dze%fl °f2)°(6_%f1 o f2) + (Dze_%fl °f2)°(8%f1 o f2)]

1 _
= — NZ)\ smh(Dk)(eDm f1 . f2) . (,U,l)\geDm — /,62)\16 D’”fl . f2)
1

—/\%Dz cosh(% + Dy + Di)[(Are 2 — Aoe™ F) fro fo] o (€™ 2 f1ofo)
— L sinh(5% + D+ D{OaDee™ % 4 MaDoeH ) fra alo(e % o fy)
+H(Doe™ 3 fre fo)o[(Me = dae™ F) fre o]}

= %e‘%{—ugl(e%”m“’kﬁ o fr2) o (e PEFPmHF o0 fo) 4 iy H(ePH P F fr o fro) 0 (€PH PR F £y f)
—275(e PP f 0 f1o) o (€0 PR fo o fo) 4 29 (PP £ 0 fro) o (€7 PPk f o f)
+2(D.e” B TP f o frp) o (€ F PP fo o fr) = 2(eF AP fr o fiy) o (Dae” B TPk fo o fr))

N /\%6_%{[@51@_17”&”% — 2npe” FTPm Pk 4 9D e~ FPm=Dr 4 g FADm DI f ]

. (GDTH+DM+D’“f0°f2)}7

which implies that (A26) holds. Similarly we can prove (A27) also holds. Therefore we have completed the
proof of the Propositions 6.

Appendix B. Hirota bilinear operator identities.

The following bilinear operator identities hold for arbitrary functions a, b, ¢, and d.

Dy(D.ePraea)e(eP aea) = sinh(D,,)(D,D,aea)ea’. (A31)

sinh(Dy, ) (D.ePm Prgea) e (ePTPrgea) = sinh(D,, + D,,)(D.ePmaea)e (ePmaea). (A32)
1

[Dye?Pmaed]e2Pmbeb] — (€2Pmaea)(DyerPmbeb) = 2sinh(5 Dyn) (D eb) s ab. (A33)

1 1 1
[eD"+Dma.a] [eD’”bob] — [eD""’D’"b.b] [eD’”a.a] =2 sinh(iDn)(efD”*Dma-b) . (e_§D"_D’”a.b). (A34)
Sinh(%Dm)a-a =0. (A35)

[eD"”*%D"aob] [e*%D"*D""Coa] = ePm (e*%D"aoa) . (e%D"boc) (A36)

[D,ePrTPmgea][ePmbeb] — [D.eP"tPmaea][ePmbeb]

1 1 1
_ 2Dz COSh(iDn)(6§D7L+DT’La'b) . (e—fDn—Dma.b)
+[ePtPmgea][D.ePmbeb] — [D.ePmaea][eP™ TP e b) (A37)
sinh(D,, + Dy)(DyD,aea)ea® = D, (D, Praea)e (P Prqeq). (A38)

14



1
D, cosh(iDn + Dk)(e%D"a-b) . (e_%D"a.b)

. (A39)
= sinh(aDn)[(Dze%D""'D’“a-b)-(e_%D"_D’“a-b) - (e%D""'D’“a.b).(Dze_ED"_Dkaob)}
[D.ePtPrgealle Pibeb] — [D,ePTPrbeb] e Praeal
1 1 1
=D, cosh(§Dn + Dy)(e2Pmaeb)e (e 2P aeb) (A40)

1 1 1 1 1
+ sinh(iDn + Dp)[(D.ezPraeb)e(e72Pmaeb) — (e2Pmaeb) e (D,e 2P a0 b)]

sinh(D,, + D,, + Dy)(D.ePmaea)e(ePmaea) = sinh(D,,)(D,ePm Pt Prgeq) e (ePmTPrtPrhgeq). (A41)

[ePm=Prgea][ePmTPrpeb] — [ePm=Prpeb][ePmtPrgea] = —2sinh(Dy)(ePmaeb)e (e Pmaeb) (A42)
[DZ6D1L+D171+DI€CL. al [eDnlJl‘Dkb. b — [DZeDnJFDmJFDkb.b] [eDwnJl‘Dka.a]
1
= 2sinh(5 Dy + Dy + D) (D.ezPraeb)e(e 2Pmaob) (A43)

1
- 2sinh(iDn)(e%D"JrD”DT”a.b) o (D e~ 2 Pn=Dr=Dmy )

References

[1] Leznov A N.: Graded Lie algebras, representation theory, integrable mappings and integrable systems, Theor.
Math. Phys. 122 (2) 211-228 (2000)

[2] M.Blaszak,K.Marciniak,J.Math.Phys.35 (1994)4661
3] X.B.Hu,Z.N.Zhu,J.Math.Phys.39 (1998) 4766
[4] B.A.Kupershmidt,Discrete Lax equations and differential-difference calculus, Asterisque (123),212, (1985).

[5] Levi D, Vinet L, and Winternitz P. (ed.): Symmetries and Integrability of Difference Equations, CRM Proceed-
ings & Lecture Notes, Vol. 9, American Mathematical Society, (1996)

[6] Clarkson P A and Nijhoff F W. (ed.): Symmetries and Integrability of Difference Equations, London Mathe-
matical Society Lecture Note Series 255, Cambridge, New York, Cambridge University Press, (1999)

[7] LeviD and Ragnisco O.(ed.): SIDE III-Symmetries and Integrability of Difference Equations, CRM Proceedings
& Lecture Notes, Vol. 25, American Mathematical Society, (2000)

[8] Hietarinta J, Nijhoff F W, and Satsuma J.(ed.): Symmetries and integrability of difference equations, Institute
of Physics Publishing, Bristol, 34 10337-10744 (2001)

[9] Suris Y B.: The problem of integrable discretization: Hamiltonian approach. Progress in Mathematics, 219.
Birkh&user Verlag, Basel. (2003)

[10] Hirota R.: Nonlinear partial difference equations. I. A difference analogue of the Korteweg-de Vries equation. J.
Phys. Soc. Japan. 43 1424-1433 (1977)

[11] Hirota R.: Nonlinear partial difference equations. II. Discrete-time Toda equation. J. Phys. Soc. Japan. 43
2074-2078 (1977)

[12] Hirota R.: Nonlinear partial difference equations. I11. Discrete sine-Gordon equation. J. Phys. Soc. Japan 43
2079-2086 (1977)

[13] Hirota R.: Nonlinear partial difference equations. IV. Bécklund transformations for the discrete-time Toda
equation. J. Phys. Soc. Japan. 45 1321-1332 (1978)

[14] Hirota R.: Discrete analogue of a generalized Toda equation. J. Phys. Soc. Japan. 50 3785-3791 (1981)

15



(15]

[16]

(17]

(18]

(19]

20]

21]

(22]

(23]

(24]

Hirota, Ryogo; Iwao, Masataka.: Time-discretization of soliton equations. SIDE III—symmetries and integra-
bility of difference equations (Sabaudia, 1998), 217-229, CRM Proc. Lecture Notes, 25, Amer. Math. Soc.,
Providence, RI, (2000)

Xing-Biao Hu and Guo-Fu Yu, Integrable discretizations of the (2+1)-dimensional sinh-Gordon equation.
J.Phys.A: Math.Theor. 40(42) 12645-12660 (2007)

Miura RM. (ed.): Backlund transformations, the inverse scattering method, solitons, and their applications.
Lecture Notes in Mathematics, Vol. 515. Springer-Verlag, Berlin-New York. (1976)

Rogers C, Shadwick W F.: Béacklund transformations and their applications. Mathematics in Science and Engi-
neering, 161. Academic Press, Inc., New York-London. (1982)

Rogers C, Schief W K.: Backlund and Darboux transformations. Geometry and modern applications in soliton
theory. Cambridge Texts in Applied Mathematics. Cambridge University Press, Cambridge. (2002)

Hu X-B and Tam H-W.: Application of Hirota’s bilinear formalism to a two-dimensional lattice by Leznov,
Phys. Lett. A. 276 65-72 (2000)

Hirota R.: Direct method in soliton theory (in solitons, edited by R.K.Bullough and P.J.Caudrey, Springer,
Berlin, 1980). (1980)

Hu X-B.: Nonlinear superposition formulae for the differential-difference analogue of the KdV equation and
two-dimensional Toda equation. J. Phys. A. 27 201-214 (1994)

Ma W-X, Hu X-B, Zhu S-M, Wu Y-T.: Béacklund transformation and its superposition principle of a Blaszak-
Marciniak four-field lattice. J. Math. Phys. 40 6071-6086 (1999)

Hu X-B, Zhu Z-N.: Some new results on the Blaszak-Marciniak lattice: Backlund transformation and nonlinear
superposition formula. J. Math. Phys. 39 4766-4772 (1998)

16



