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Abstract In this paper, multi-scale analysis(MSA) methods for heat transfer performance compu-
tation of composite materials with random distribution is presented. First the representation of the
materials with random grains/cavities distribution and the differential equation of heat transfer for
the computation of composite materials performance are briefly described. Then the two-scale analy-
sis(TSA) expression of heat transfer behavior of materials with random distribution and the procedure
of MSA computation based on TSA are given. Finally the numerical result for heat transfer param-
eters computation is shown. The numerical result shows that MSA is a very effective method for
predicting the heat transfer performance of composite materials with random distribution.
keywords multi-scale computational method, random grains/cavities distribution , expected ho-
mogenized heat conduction coefficients.

1 Introduction

With the rapid advance of material science and technology, composite materials are of more and more
importance in engineering owing to their high intension and high rigidity. Therefore it is essential to
accurately predict the physical performances of these composite materials. Many methods predicting
physical and mechanical performance of materials are developed in physical science, refer to [3-5] in
last decade. At the same time, in mathematics, many mathematicians such as J. L. Lions, O.A.
Oleinik, etc. have proposed the homogenized method to compute material performance for composite
materials with periodic configuration in [6-8]. In the practice, however many composite materials are
more close to random configuration such as concrete materials, porous materials as shown in Figure
1. Up to now, the papers based on MSA to predict mechanics parameters and physical parameters
of composite materials with random structure are very few. So in this paper, we will give one MSA
method to predict the heat transfer parameters for composite materials with random configuration.

The paper remainder of this is outlined in the following way. In section 2 the representation of
the materials with random grain distribution are briefly described, and the heat conduction equa-
tion with random distribution is briefly described and some results on probability fields are given in
section 3. Section 4 is devoted to two-scale analysis (TSA) expression of composite materials with
random configuration for evaluating the expected homogenized heat transfer coeflicients of the com-
posite materials. The procedure of MSA computation is briefly presented based on TSA in section 5.
Finally, the results of numerical experiments for the heat transfer parameters of three-phase composite
materials with random ellipse grains distribution is shown.



2 Representation of composite materials with random distribution

In this section, we represent composite materials with random multi-scale materials. The composite
materials with random grain distribution, such as concrete and multi-phase composite materials, can
be represented as follows:

All of the grains are considered as different scale ellipses in investigated structure, and then all of
the ellipses are divided into several classes according to their scales(long axis). In this paper, suppose
that the difference between the long axis and the short axis is not very large.

One can consider that grains inside a statistical screen for each class are subjected to certain
probability distribution. In this way we suppose that there exist e"(r = 1,--- ,m) and " >> "1
, the grains with the scale I" (¢” > [") are subjected to certain probability distribution within &”
statistical screen. Therefore the physical coefficients of a sample for the composite materials can be
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expressed as {ki;(Z,w),w € P}, where P denotes the probability space.

a  grains in e2-screen

b  grains in e'-screen

Figure 1. The grains distribution model of the two screens for the three-phase composite materials

Now let us consider a structure of multi-phase composite materials, which consists of multi-scale
grains. For example, the concrete material, one supposes that there are three scales of grains with
the long axis’s of 0.005m-0.015m, 0.015m-0.04m, 0.04m-0.08m, denoted by I3, /2, and I'. They are
subjected to the different probability models, respectively, shown in Figure 1. We can choose that
el = 0.2m, €2 = 0.03m, and €3 = 0.08m. Apparently, e"t! is small scale in comparison with ", and
then e! >e2 >3 >13>0.

From the engineering survey of composite materials by the fitting method of data, the probability
model P of the grains distribution inside the structure can be set up:

1. Choose the statistical screen with the size ¢"(r = 1,---,m), which satisfy aL > &' > ... >
g™ > g™ > 0, the statistical model of grains with [” can be determined in the following way:



(a) Specify the distribution density of grains or the ratio of total volume of grains, and the
distribution model of central points of them, for example, uniform distribution in the "
screen.

(b) Specify the distribution model of the long axis, and the middle axis and the short axis, and
the distribution model of the directions for the long axis and the middle axis.

For certain size €"(1 < r < m), from every w € P, one sample can been obtained. For example, a

sample for three-phase composite materials is shown in Figure 1. And then the periodically statistic

distribution {k;;(Z%,w)} on physical parameters are set up.

3 The heat transfer equation for the composite materials with periodic
random structure and some results on probability space

3.1 The definition of the probability space and the related result

In this section, we shape the probability space by the 2-dimension case.
Every ellipse in two dimensions is established by five parameters: the long axis a, the short axis b,
the direction 6 of the long axis, the center (z10,220) of the ellipses. Their probability density functions

are defined as fa(m): fb(x)a fa(m)a leo (.’E), szO (.’E), respeCtiVGIY-
Based on the above supposition, we can obtain a samples w?®, which is one vector,

w® = (af7bi70f7m10i7$20f7 - 'Ja.JSVJb}?Vao}SVJZ.IO?\Ta'T?O?V) EP
where P denotes the probability space, N denotes the maximum numbers of grains in a screen.
Therefore, for each sample the material parameters k;;(z,w®)(i,j =1,2,...,n) can defined:

ki if p(z) € ey (ilél,...,N)
B, if pla) € cQr - ui=Ne,

k‘z’j (.Z', ws) = {

where e;, is i;-th ellipse and is defined:

(z1cos0f + zasinbf — x10f cosf — xa0f sinbf )? N (z2c080f — x18inbf + 108 sin B — za0f, cos by )?
(af,)? (67,)?

where kj;, k?; are the constants, and ||maz{k};,k};}|| < My, My > 0. Tt is obvious that ki;(z,w)

(i, =1,2,...,n) are the random functions.
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The following lemma is important to illustrate that there exists one unique expected homogenized
coefficients for the composite materials with small periodic random configuration.
Theorem3.1 : If k(w) is a bounded random function where w is one random variable in probability
space P, whose probability dense function is F(x). Then there exists a unique expectation value
E,k(z) in the probability space P.
proof: since k(w) are bounded random function, there exists a positive constant M; such that



|k(w)| < M;. One can obtain

+oo
B k(z) = /P k(w)dp(w) = [ k(2)F(2)dz
+oo

— 00

< M>

Therefore, there exist one unique expectation value E, k() in the probability space P.

3.2 The heat transfer equation for the composite materials with periodic
random structure

It is well known that the heat transfer problem for the composite materials with random small periodic
configuration shown in Figure 1 leads to the following equation ([see[9], [10]])

% (gwP) _ 0 (kgj(ay,w,P)%ﬁ”’)) = f(2) zeQ
05($7wap)=0_ z € 0N (1)
initial conditions of 0°(z,w, P) on N

where 6°(x,w, P) denotes the increment of the temperature as compared with the reference temper-
ature, and kg; (x,w, P) represents the coefficients of the thermal conductivity, and 8 is the reference
temperature on boundary, and f(z) is the internal heat source, and P is the probability space.

It is supposed that the domain 2 is only composed of e-cell with random distributions

Q=[Je@° +1)

teT

where £Q® denotes a cell configuration in Q and Q? is 1-square. Let {k;;(£,w)} be the tensor of heat
transfer parameters as the above.

In order to obtain heat transfer parameters of composite materials with small periodic random
configuration, we only consider the statonary problem in (1), that is assumed that

06° (z,w, P)

ot =0

Thus the equation (1) is changed into

%(kfj(x,w,P)%) =f(x) in Q
6°(z, P) = 0(x) on 00

(2)

Here, suppose that the probability space P and the computer simulation for the composite materials
with small random periodic configuration have been performed. In common case, the tenser of the
heat transfer coefficients in composite materials with small periodic random configuration satisfy the

following lemma.



lemma3.2: if k; (z,w) are bounded, measurable and symmetric, there exist are two positive constants
¢1 and ¢z (not depending on w and €) such that

crnini < ki (z, w)ning < canimi, Ve e Q,Yw e P (3)

If the coefficients in the equations (2) satisfy the condition in lemma 3.2, and f(z) € C*(2). Then
the equation (2) for any w € P has a unique solution.

4 The two-scale formulation in probability space

In this section, we will give the expected homogenized coefficients. In the problem (2), the incre-
ment of temperature are effected not only by macroscopic behaviors but also by periodically random
distribution model, hence the increment of temperature can be denoted by a function 6°(z,w, P) =
0¢ (x,&, w, P), where the vector z represents the heat conduction behaviors of the distribution struc-
ture, denotes local coordinates in a e-cell and the effects of periodically random distribution model
and P is the probability space representing random distribution characteristic.

In order to obtain the formula of the two-scale analysis for the composite materials of random
distribution with small periodicity, It is assumed that 6°(z,w, P) can be expanded into a series in the
following form:

6°(z,w, P) = 8°(2) + NG, (€, w*)Wa, (2) + € N3, 0, (€, w°) Way 0z (2)

4
+5‘3P1(1',§,P) '%.EEQSEQ; gzg_[g]er ()

where @Q° is the 1-square with the configuration similar to cell eQ®(w), N3, (§,w?), N§, 4, (& w?),
Weay (%), Wayas(2), (1,22 = 1,2,---n),are the random functions, w® are the samples of the random
variable w in the probability space P. Due to { = £ — [£], taking into account that

06°(z,w*, P) _ 06(x,€,w", P)  106(z,§,w* P)

or; o, e 0 )
one obtains that:
06¢(x,w, P o 06° S ONG (& w?
by P 22 E) — g 60 2 k) P 0 )
k(60N (60 T2 g, 0 P Oy o) ©
J J
iy (€ )N, (6 w0%) D22 8) oy s )

Ox;

where T'(z,&,w, P) = kij(é,w,P)%fj’w’P)



From (6) and (2), it leads to the following equations:

6% (k,-j (§,w,P)%a:’P)) o [ak,-,gz ) ag(;f:c) . % (k, - %éw) )]W »
i) Ggd + hgler) 2oy E I 1 (g oy, ) P
+ ekij (§,w°) NG, (E,ws)% + 6% (kij(f, ws)%) Wayas ()
eyt s W@ o (6 ot o)) Pgpee®)
ey (60N 66) T 5228 1 v 060, P) = o)
@

where 3V (z, £, w, P) = 53%5;%1’)'
Since the equation (7) holds for any € > 0, comparing the coefficients of e~! in the equation (7),

we can obtain the following equations:

Ohiy(6,w) 06°) @ (, ., ONL(E&w) B
. 06°(z) . )
Setting Wy, (z) = Fr and making use of the symmetry of {k;;(£,w)}, by virtue of (8), one
ai

obtains that:

78’““16(5’ <) 4 a% (kz’j (&w®) 6N“5(é’w )) aao::g) =0 (9)
Since 96°(z) does not always equal to zero in eQ® C Q. Then from (9),the following equation
holds
a% (k, (£,ws)7aN‘s‘5§’ws)> = —L"“é(é’ws) feq’ (10)
where ay=1,--- ,n.

In order to uniquely define Nj (&, w®) onto @* , it is necessary to prescribe the boundary conditions.
Here, choose such a following boundary condition on dQ?, in order to satisfy the boundary condition
in (2) for 6°(z,w, P). In Q*, let

N (6w’ =0,  £e€oQ’

Thus, for Yw? € P, in each Q° one obtain N3 (§,w?) from the following equations.
0 oy Na, (€5 07) Okjo, (& w°
{ (kij(&w )7) NG £eqQ’

3¢ 9¢; ¢
N2 (¢&,w*) =0 ¢ € 0Q*

(11)

Based on Lax-Millgram Lemma and Poincare’s inequality, it is easy to see that above equation has

one unique solution.



Since the right of the equation (7) is independent of ¢ , we can set that the coefficients of €° in the
left of the equation equal to f(z), i.e

826°(z)
6.732'6.Z'j

ONg, (& w*) Wa, (2)
6§j 6.%',

6 s s s 6VV(‘—”l (x)

+ g (e, (6w gl (12)
0 ONGya, (6w

) _
+ 8_51 (kl] (f’w ) 66] )Walaz (SL') - f(.’li')

Although the random distribution in * and Q¢ (s # t) is subjected to the same probability space,

kij (é.: ws)

+ kij(fa ws)

they are independent of each other. For a specific realization w® € P, and then the random functions
such as ki;(&,w?), N3 (§,w*), N3 4,(§,w?) are not periodic. Therefore it is necessary to construct
one new approach different for periodic cases to obtain the homogenized heat transfer coefficients and
the homogenized heat transfer equations of (2).

Suppose that the homogenized coefficients k‘,], (:t=1,2,---,n) is constant in global 2. Then (12)
can be rewritten as follows.

926° (z ) . ON;, (& w®) Wy, (2)
e
( )) OWa, ()
a.’L'j
(13)
8N§1a2 (57 ))
Waias (@
( 9%, @
2 6200( )
o 6:1:,8:1:] + K 0z;0x; = @)
200
Now let Wy, a,(z) = %, and rewrite subscripts in (13), owing to the symmetry of the

matrix (ki;(§,w®))(nxn), We obtain

0 ON§ ., (&, .
%(kij(f,m%) sy + g (6,6°)
ON: (€, 520°
o 6) EE 1 o (k6 6100 57 5 -

0%6°(x)
+kijo—— = f(2)
J 3$i6$j

Further, suppose that °(z) is the solution of the following homogenized problems

~ 3290()()
kij 5 Bz, flz) =€, (15)
6°(z) = 0(x) x € 00

where 6°(z) is called as the global homogenized solution on ). Since % (1,2 =1,...,n) are

not always identical with zero, then the following equations can be obtained



AN (£,w* A
i, (kij(€7w )M) = ka2a1 - ka2a1 (§7w3)
0&; 0¢; (16)
ONS* , s 9
~ Fag(66) 58 - 2 (b 600N (6))

In order to uniquely define N2 . (£,w®) in Q°, we supposed that N2, (€,w®) is independent of
a1a2 (67 ) (3 7£ t) and set
Noyan (§w®) =0 £ € o’

Thus, for any w® €P , in each )° one obtain the following problems

9 ONL a6 )
a_&(kij(gaw )T) = Kasar — Kasay (& w?)

ON? (£, w? 0 17

- kazj(f,ws)% — 8_f] (kiaz (6; UJS)-N(i1 (f;ws)) ( )

Niyas(§w®) =0 £€0Qr

The equations (17) represents the basic properties of composite materials in the domain £Q)*. There-
fore, the integration of the right terms of this equations in @* will be zero. It can lead to the following

/P(/ . FasandE ~ /Qs kayay (§w)dE — /Qs kazj(&ws)%é’mdf

equations :

, (18)
~ [ o (i 6.0z, (6.0 ) ) ) =0
o 9&
Considering the fixed boundary condition of equations(11), it is obvious to see
[ o ()N, (6.) ) ag =0
o 6& a2 \So a \So
Let ON? (€, )
. 1 (&, w?
kij(w®) = —3/ (kij(f;ws) + kip (&, ws)]a7>d§ (19)
1Q°| Jq- Ep

If the expectation value of l%ij (w) uniquely exists, based on Kolmogoov’ classical strong law of large
number we can obtain the expected homogenized coefficients.

7. Zs 1 ]Ac ( )
hy = Jim, @)
As for how to prove that the expectation value of lAc,-j (w) (w € P) uniquely exists, seeing the
following theorem.
Theorem 4.1: If l%,»j (w) is defined as above, the expectation value of ];Z'j (w) exists.
Proof : in lemma3.2 |k;;(€,w)| < M; for any w € P. Then from (11), this equation has one unique

solution N,, (¢,w) € HY(Q) such that

[INa, (& @)l (@) < Clkii (€, w)|Le (@) < C My (21)



for any w € P . where C and M; are constants and independent of ¢ and w.
From (19) and (21), one obtains

R ) . %)
s =17 [ (e + bl ) T4 e
1
< @(Ilkij(faw)llm(@) + [[kip (&, W)l Lo () l1V; (€5 W)l m1 () (22)

<L
— @l

where M3 = (C +1)M? and Mj3 is independent of the £, w. Therefore, from Theorem 3.1 there exists
one unique expectation value in the probability space P.

|M1 + M, *CM1||Q| = (C+ 1)M2 = M3

From the process of obtaining the homogenized heat transfer coefficients IAc,-j , it is easy to prove
that this matrix (l::ij)nxn is symmetry and positive definite. Then homogenized problem (15) is proper,
it has an unique solution #°(z) from lax-Mligrim theorem and Poncare’s inequalities, and it is obvious
to see 0°(z,w, P) € H*(Q).

Summing up ,one obtains the following theorem
Theorem 4.2. The problem 2 of composite materials with the probability distribution of e-periodicity

(e << 1) has the formal solution as follows:

0%6°(x)

600 (ﬂf) 2 ATS
+e N 020, 0%y

020, a0z

6°(z,w, P) = 6°(z) + eNg, (€, w°) +ePi(z,&w)  (23)

(& w®)

Where 6°(z) is the solution of the problem(15), called as homogenized solution, NZ (&, w®), and
N2 (&,w?®) (a1,a2 =1,...,n) are the solutions of the problem (11), (17), respectively.

Q12

9 The procedure of MSA computation based on TSA

As for the multi-phase composite materials with random grains/cavities distribution stated previously,
the expected homogenized heat transfer coeflicients can be evaluated by the multi-scale method based
on TSA. It should be pointed out that for the large size range of grains/cavities it is very complicated
to numerically generate the distribution inside a typical cell for each sample. In order to reduce the
complexity of computation, according to the size grains/cavities they will be divided into m scales
with the different probability distributions. Then step by step by generating the random distribution
and using TSA to evaluate the expected homogenized heat transfer coefficients in the algorithm of
recurrence.

Now let us state the procedure of multi-scale computation of the expected homogenized heat
transfer coefficients as follows: First suppose that material coefficients of matrix to be {k;;}, material
coefficients of grains to be {k; it

1. Calculate the expected homogenized heat transfer coefficients Iz:z-,- (e™).

(a) Based on the statistics character of the m-th scale grains/cavities for V w® € P, a distribu-
tion model of grains/cavities is generated. And then heat transfer coefficients &f;( %, w®)

em?



on YQ*(e™) can be defined

T { kij, x€ Qs(sm) (24)

ki' -m’ )= 3
J(Sm w ) k;jﬂ T e Qg(&.m)

where Q*(e™) |J @*(e™) = Q*(e™) and Q*(e™) (N @*(e™) = ¢,, Q*(e™) is the domain of
the matrix in Q*(¢™) and Q*(¢™) is the domain of of grains/cavities in Q*(e™).

From the heat transfer coefficients k;;( 5, w®) (m =1,2,...,7) N3 . (§™,w®) can be ob-

gem)?

tained on Q*(¢™) by solving the FE equation of problem (15). So the homogenized coeffi-

cients I%ij(sim,ws) can be calculated from formula (19).

Forw® € P,s=1,2,...,M™, (a) and (b) are repeated M™ times. So M™ the homogenized
coefficients k;; (5, w®)(s = 1,2,---, M™) are obtained. Thus the expected homogenized
coefficients ];i]‘ (e™) can be evaluated.

B (™) = Yoary kij(Z,w)
ij(e™) = m

(25)

2. Forr =m—1,m—2,---,1, calculate the expected homogenized coefficients ]Afij (e™) successively

and recursively:

(a)

Based on the statistics character of the r-th scale grains/cavities, the distribution model of
grains/cavities is generated for w® € P. Then k;;( 5, w?) of heat transfer coefficients inside
Q*(") can be defined as follows:

T { icz’j(ETH); T e QS(ET)

)= K, z € Q%(e") (26)

ki (
where Q%(e") J Q*(e™) = Q*(e7) and Q*(e") N Q*(e™) = ¢, Q*(¢”) denotes the basic config-
uration , Q*(e") the domain of matrix and Q*(¢") the domain of grains /cavities in Q°(e").
From the heat transfer coefficients k;; (%, w?®) the homogenized coefficients in the r-th scale
l%ij(s%,ws) can be calculated as (b) in step 1.
For w® € P, s = 1,2,...,M" the (a), (b) are repeated M" times. So M" homogenized
coefficients I;:ij(s%,ws)(s =1,2,--- ,M") are obtained. Then the expected homogenized
coefficients Eij (€™) can be evaluated

o T k(& w?)
kij(e") = e

(27)

3. At last, the homogenized coefficients ]Afij (e!) are the expected homogenized heat transfer coeffi-

cients of the composite materials in ().

6 Numerical Experiment

section.

To verify the previous algorithm, the numerical results of the computation of homogenized coefficients

for one distribution model of random reinforce materials in 2 scales in 2-D case are given in this

10



In the example, we simulate the concrete materials made up of cement, sands,and rock grains. In
this composite materials, rock grains have thirty percents. This grains are supposed to be divided into
two scales Figure a, Figure b, according to the long axis of the grains shown in Figure 1. The length
of the statistic screen is €', and &2 respectively. The long axis a ,the short axis b and the inclination
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Table 1  The distributions of the sands and the rock grains in the screens

The sands The rock grains
0 [0, 27] 0 [0, 27]
a [0.03,0.08] a [0.3,0.8]
b [0.02,0.06] b [0.2,0.6]

Table 2  The heat transfer coefficients of cement—sands and rock grains

The concrete materials of sands The Rock grains
2.24 0 39.00 0
0 224 0 39.00

Table 3 The expected homogenized results of each scale for ED

23.34 0
0 24.83

of the long axis are subjected to average distribution in a certain interval, shown in Table 1, and the
heat transfer coefficients of the sand and the rock grains is shown in the Table 2.

By the above specified data and the simulation method of composite material, the grains in each
screen for one sample can be easily generated. The screen with 43 grains is generated as shown in
Figure G; and the domain is partitioned into FE set shown in Figure G3. We generate 50 samples.
Then the expected homogenized coefficients have been calculated by the procedure given in section
5. The final result is given in Table 3. It shows that the composite materials of grain with uniform

distribution characteristic has isotropic heat transfer performance.
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7 Conclusion

In this paper, we study the heat transfer equations of the composite materials with random grains/cavities
and give one MSA method to compute the expected heat transfer coefficients based on TSA. From
the numerical results, the validity of this method is obvious. The method can also be extended to
deal with other physical fields problems.
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