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Abstract In this paper, multi-scale method(MSA) for the performance computation of
composite materials with random grain distribution is presented. First the representation of
the materials with random grain distribution is briefly described. Then the two-scale anal-
ysis(TSA) expression of mechanics behavior for the structure of composite materials with
random distribution and the procedure of MSA computation based on TSA is carefully dis-
cussed. Finally the numerical result for mechanical parameters of the composite materials
with random grain distribution is shown. The numerical result shows that MSA is a very
effective method for the performance prediction of the material with random distribution.

keywords multi-scale computational method, random grain distribution, composite mate-

rial, expected homogenized coefficients.

1 Introduction

With the rapid advance of material science, engineering science, especially computing technol-
ogy, the computational material science has been developing very fast. A variety of numerical
methods for the prediction of physical and mechanical performance of materials are devel-
oped, refer to [4-8], in last decade. In this paper we are concerned with the computational
method of mechanics parameters for composite materials with random grain distribution.

The composite materials can be divided into two classes according to the basic config-
uration: composite materials with periodic configurations, such as braided composites, and
composite materials with random distribution, such as concrete materials. Due to the differ-
ence of configurations it is necessary to make use of different numerical methods to evaluate
the physical and mechanical performance of materials.

Based on the homogenization method proposed by J.L. Lions, O.A. Oleinik and others
scientists, multi-scale analysis (MSA) for the structure of composite materials with periodic
configurations was proposed in [5,6,7,8]. Up to now, the papers on MSA method for mechanics
parameters of composite materials with random distribution are very few. Therefore, In this
paper, MSA method concerning composite material with random distribution and related

structure will be presented.



The remainder of this paper is outlined as follows. In section 2 the representation of the
materials with random grain distribution are briefly described, and the computer simulation
for random grain distribution in the domain is given in section 3. Section 4 is devoted
to two-scale analysis (TSA) expression for the mechanics behavior of the structure made
from composite materials with random distribution. In section 5 some probability theorems
with random configuration are discussed. In section 6 based on TSA the procedure of MSA
computation is briefly stated. In section 7 the numerical result for mechanical parameters of

three-phase composite materials with random grain distribution is shown.

2 Representation of composite materials with random grain distribution

The configuration of composite materials with random grain distribution, such as concrete
and multi-phase composite materials, can be represented as follows:

all of the grains are considered as different scale ellipses in investigated structure, and
then all of the ellipses are divided into several classes according to their scales(long axis),
in this paper, suppose that the difference between the long axis and the short axis in each
ellipse is not very large.

One can consider that grains inside a statistical screen with certain scale for each classifi-
cation of grains are subjected to the certain probability distribution. In this way we suppose
that there exist e"(r = 1,--- ,m) and " >> &"t! | the grains with the scale " (¢" > ")
are subjected to certain probability distribution within the statistical screen whose size is €”.
Therefore the mechanical coefficients of a sample for the composite materials with random
grains distribution can be expressed as {a;jnk(Z+,w),w € P} , respectively, where P denotes

the probability space.

a. Qrains in e2-screen

b.  Grains in el-screen

Figure 1. The grain statistical model of the two screens with different scales for the

three-phase composite materials



Now let us consider a structure of multi-phase composite materials, which consists of
multi-scale grains. For example, for the concrete material one supposes that there are three
scales of grains, with the long axis’s length of 0.005m-0.015m, 0.015m-0.04m, 0.04m-0.08m,
denoted by [, I2,and I! in the structure. They are subjected to the certain different proba-
bility models in their scales, respectively, shown in Figure 1. We can choose that ¢! = 0.2m,
€2 = 0.08m, and €3 = 0.03m. Apparently, e"*! is small scale in comparison with €”, and then
el>e?2>e3>13>0.

From the engineering survey of composite materials by the fitting method of statistic

data, the probability model P of the grains distribution inside the structure can be set up:

1. The large grains, whose long axis [ > «L, and L is the scale of structure ) , are

determinated, generally, by choosing o ~ 1071,

2. Choose the screen with the size " (r = 1,--- ,m), which satisfy aL > &" > ... > "t >
€™ > 0, the statistical model of grains with (", satisfying " > I", can be determined in

the following way:

(a) Specify the distribution density of grains or the ratio of total volume of all grains,
and the distribution model of central points of them, for example, uniform distri-

bution in the " screen.

(b) Specify the distribution model of the long axis, and the middle axis and the short
axis, and the distribution model of the directions for the long axis and the middle

axis.

For certain size €"(1 < r < m), from each sample w € P, one sample can been obtained,
in which there exist a number of grains. For example, a sample for three-phase composite
materials is shown in Figure 1. And then the periodically statistic distribution {a;jni(5,w)}

on physical and mechanical parameters are set up.

3 The computer simulation for the materials with grain random distribu-
tion

3.1 The algorithms generating the random distribution of the ellipses

In practical computation, the ratio of the basic components of the materials is specified by
the statistic methods at first. Then the computer generates the simulation domain and the
distribution. For simplification, only 2D case is considered in this paper. So the domain
occupied by simulated materials is a 2D rectangle. It can be generated by the computer as

follows:



1. The domain for the simulation belongs to the 2-dimension rectangle [Zin, Tmaz] X

[ymin ) ymaz] .

2. Suppose that the central points of the elliptic grains (z¢, yo) are subjected to the uniform
distribution. and the directions 6 of the long axis of the elliptic grains are uniform
distribution in a interval [f4,0.], the length of long axis are subjected to the normal
distribution N(c,d,), and the short axis b to the normal distribution N(83,43).

For three dimension, one also can generate the distribution of elliptic grains inside the certain
statistic screen as two dimensions.
The algorithms generating the random number conforming with some special distribu-

tions are given as below:

1. Exponent distribution. suppose probability density function is:
fx) = Ae™™

The random number conforming to the exponent distribution can be gained : &; =

—l")\”, r; conforming to the uniform distribution in [0, 1].

2. Normal distribution. Suppose the random number £ subjected to N (., 6,) , then

1=12

=) ri—6.0)0s + i

i=1
In the above equation, o, is covariance, u, is the expectation, r; is the random number
subjected to uniform distribution in [0, 1].
3. Logarithm normal distribution. suppose the probability density function:

1 _0.5(1711—#1 )2

e ow
OV 2T

flz) =

the random number :
£ = euy+9y(2§§2 r;—6.0)

where 0, = , /In(1 + (Z—”;)z), fty = Inpy — 0.507, r; is the random number subjected to

uniform distribution [0, 1].

For other special distribution, please see the paper [2].
Now let us turn to describe the algorithm to generate the ellipse distribution for a sample.

In order to obtain the random distribution ellipses within a screen, nn denotes the number



of the ellipses, and k denotes the number that the ellipses are rejected to locate themselves
into the screen while they are generated, because there are some ellipses formerly generated
occupying the positions. K is the maximum number of that the ellipse is rejected into the
screen. If nn > N, which is the total number of admissible ellipses in the screen or if k > K,

the algorithm will end.

1. Input the distribution model of ellipses and generate the random number conforming
to the distribution.

(a) Input the distribution parameters of ellipses, generate the total number N of ad-

missible ellipses and the maximum number K of rejected ellipses, let nn=1; k=0.

(b) Generate the random number based on the above distribution.
2. Generate the ellipses in the screen randomly.

(a) If nn>N or k>K, go to 5, otherwise, go to (b).

(b) Generate the central point (xg,yp), the long axis a, the short axis b, the direction

of the long axis 6 according to their distributions.

(¢) If nn=1, go to step 4, otherwise go to step 3.
3. Differentiate the ellipse to satisfy the conditions.

(a) if the new ellipse and the old ellipses have the intersection, k=k+1, go to step 2.

(b) if the old ellipses in the screen include the new ellipse or the new include the old,

k=k+1, go to step 2. Otherwise go to step 4.
4. nn=nn+1; if nn<N, go to step 2. Otherwise go to step 5

5. Output the ellipse distribution in the screen.

3.2 The definition of the probability space

Each ellipse in two dimensions is established by five parameters: the long axis a, the short
axis b, the direction 6 of the long axis, the center (zg,yo) of the ellipses. Their probability
density functions are defined as fq(x), fo(), fo(z), foo(x), fy(x), respectively.

Based on the above supposition, we can obtain a samples w?, which is one vector,

s __ s 15 NS .8 ,,S s s s s s
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where P denotes the probability space, N denotes the maximum numbers of grains in a screen.
Therefore, for each sample the material parameters a;jni(z,y, w?)(4,j, b,k = 1,2,...,n) can
defined:
. sy _ az‘ljhk if plr,y)€ey, (1=1,...,N)
azghk’(‘ra Yy, w ) = 2 . s =N
@ijhk if plz,y) € Q°— Uiy e

where e;, is the i;-th ellipse in the @° and is defined:

s in QS s s S i AS )2 s i 0S 5 «in AS s 52
(vcos 0 +ysinf; —xj cosb —y: sindy; ) N (ycos O —xsind; + xj sinf; —y? cosby)
(a,)? (b7,)?
71 1

1 2 1 2 : :
where a;;,,., ;. are the constants, and [[maz{a;;y, ajjp | < M2, Ma > 0. It is obvious to

see that a;jpr(z,y,w) (i,7,h,k =1,2,...,n) are the random functions for any w € P.

4 The two-scale formulation in probability space

In this section, it is supposed that the structure €2 is only composed of entire e-cells.

0= U eQ*
seT
where €Q)° denotes a statistic screen and @)° is a 1-square. Let {aijhk(x,w)} be the tensor of
material parameters as the above, where w € P is a random variable to show the character
of grains in each Q°.
For the given structure €2 and the tensor of material parameters afjhk,(g ,w), let’s consider

the following elasticity problem:

ous (z,w,P) | Ous (z,w,P
%[a%hk(wivp)%< uhéfc: L+ ukéﬁf )>] = filz) z€Q

u(z,P)=u x € 0N

(1)
In common case, for Vw € P, the tensor of material parameters satisfies the below Lemma.
Lemma 1. Material constants {afjhk,(x,w, P)} are bounded, measurable and symmetric i.e
aiing (T, w, P) = aipp(z,w, P) = a5, (2, w, P) (2)

and satisfy the F(u1, u2) condition
paninTin < a5pe(; w, P)ninmjk < p2ninfin (3)

where {n;;} is a symmetric matrix, and pq, ug are constants with 0 < py < pa.
In this paper it is supposed that f(z) € C*(Q). If f(z) € L*(Q), one can construct a
smooth operator § : f(z) — 0f(x) € C*°(Q) satistying ||0f(x) — f(x)|| — 0 as 6 — 0.

<1



From (2), (3), Korn’s inequalities and Lax-Millgram Lemma, for Vw € P the problem
(1) has one unique solution u®(x,w, P). It is well known that the displacement and stresses
in the structure 2 both depend on the mechanical behaviors of whole structure and the
random distribution in each Q) at the same time. So the displacement can be denoted as
u®(z,w, P) = u®(x, &, w, P), where the vector = represents the mechanical behaviors of the
whole structure and the global coordinates of the structure, £ denotes the effects of random

configurations in €Q)® and the local coordinates.

In order to obtain the two-scale expression of the displacement, it is assumed that

u®(z,w, P) can be expanded into the series of the following form:

w(z,w, P) = u’(z) + NG, (€, w*)Wa, (2) + £2N3, 4, (6, 0°) Wa, 0, (2)

(4)
+ &Py (x,&,w,P) z€Q, £€Q® s=1,2,---,M

where N3, (§,w?), and N, ,(§,w?) are matrix-valued functions, and W, (z), Wa,a,(z) are

ajan

the vector valued functions and they are expressed as follows:

Nélll(fvws) alln(§7 w?) Waii ()
NG, (§w”) = : : W, (z) = : (5)
N§in1 Ew’) - alnn(§7 w?) Wain(2)
Nojaon1 (§w®) - oqoczln(€7 w®) Wayan1(z)
a1a2 (§w®) = : : s Waia, (2) = :
N agnt (§w®) - alaznn(€7 w?) Wa,aon ()

From (4), (5), (6) ,

ui(a:,w,P) — uh( ) + eN; 1hm(§7 )Walm( ) + 52N51a2hm(§7 )Wa1a2m($) (7)
+€3P1h(a:,§,w, P),h=1,2,....n

Where (h, a1, a0, m =1,2,...,n). Due to { = x/e, respecting

8”?(337(”5) _ aui($7§7ws) + laui($7§7ws)
8.73]' B 8m]~ £ 85]

7



one obtains that:

ouy, (z,w, P)  Ouj(z,w, P L1000 (z)  oud(x
aijhk(g?w’P)§< h(a Tk : " k(aa:h )> = k(& )§< 8};31 : * al;:(h )>
ONG i (60%) NG o (€ 0°)
(& )2< T )W‘”m(:”)

+ %Eaz’jhk(gaws) alhm(€7 )V[C;#,:(m)

+ %Eaijhk(gaws) alkm(€7 )W#:m 9)
el (T &) | P CS Ny

+ %Ezaijhk(&ws) e anhm (&5 W )Wa%:(:v)

1 < R s 8Wa [e% m(.ﬁU)
+ Seagne(é,w )Nk (8w )57332/1

5 + &7 (z, €, w, P)

where T'(z,&,w, P) = aijhk(&ws)% 5P1h(z,ﬂi,w,P) + 8P1k(gf;:w,P)>

From (9) and (1), it leads to the following equations:

2 gty (2l l) | Ol ))) Ol | () )
+ aijnk(€, w? );&i] <82%3(;) + 32%;?)
il P
A e )lehm(g,ws))% 5 0 (ne(6°) Ve ) 2 )
+ %Eaijhk(&ws)Nélhm(ngs)% + Ea”hk( NG (€@ )%
+ caumale ) % <5Na1agg:(5’w ) . aNalagg(& )> mg;;n(x)

W, azm(m)
8.73k

10
+ 858—5] <aijhk(€7ws)Noszlthm(g’ws)>

8



OWeayaom ()
8.73h
82Wa1a2m(37)
8$k8$j (10)
82Wa1a2m($)
aﬂj‘haﬂj‘j

10
+ 658_6] <aijhk(€7 wS)szloka(g’ ws))

1
+ 52§aijhk(5a WNS agnm (&5 w0%)

1 S S S
+€2§aijhk(§7w )Nalagkm(€7w )
+% (2,6 w, P) = fi(z)

where €3V (z,§,w, P) = &3 7‘%%’5;’?)
Since the equation (10) holds for any ¢ > 0, comparing the coefficient of the =1 in the

equation (10), we obtain the following equations.

dagjnk(&w®) 1 (Ouh(z)  Oul(x)

(11)

1<8N21hm(£7w8) + alekm(£7w8)

0 s B
+ o |6 )z (o ) | W) =0
0ud ()

0%,

setting Wa,m(x) = , and making use of the symmetry of {a;,; }, by virtue of (11),

one obtains that:

1 0ajma, (& w*) +18aija1m(£aw8) uy, (z)
2 85] 2 85] 8«73041

0 1 (ONG (€ w°) 8N;1km(§,ws)>] ol (z) _ .

o [%h’f(i"" e < o og, O,
oul ()
0%,

in each screen are independent each other. Then the following equations are true.
1(@1\@1%(5,&) . aNglkm(g,ws)ﬂ _ 0aija,m(§,w°)

2 O, 233 9¢; (13)
geraizlf" 5 T0.

It is noted that does not always equal to zero onto §2, and the material parameters

8%- |:aijhk(£a w®)
J

T
where m, a1=1,--- ,n. Set Ng_,,(§,w’) = <N§11m(§,ws),-~- ,Némm(ﬁ,ws)> .

In order to uniquely define N3, ,,, (£, w®) onto Q° , it is necessary to prescribe the boundary

conditions. Here, choose such a following boundary condition on 0Q° in order to satisfy the

boundary condition in (1) for u®(x,w, P) from the deduction
Nom(§w®) =0, £€0Q’ (14)

9



Thus, for any w® € P, in each )° one obtains the following problems:

0 ONG i (§0%)  ONG 1 (EW0)NT  Dagyijm(E,w®) s
8_5]- |:aijhk:(§7 )5 < 06 + 96, >] = _—8£j §€eq
alm(gv ) 5 € aQS
(15)

Based on Lax-Millgram Lemma and Korn’s inequality, by virtue to lemma 1, it is easy to see

that above equation has the unique solution.

Since the right of the equation (10) is independent of € , we can set that the coefficients
of €% in the left of the equation (10) equal to fi(x), i.e

e (250 )
ot (2] i 61) W)
50 (eI () ) Prgz ) "
+ g (ool N an(er)) D)
v a%[ ahk(€ w3 <3N21a§g(£ @) 5N21a2;£;(£,w8)>]Walam(gg)
= fi(x), i, 75,hk=1,2,...,n

Although the grain distribution in different Q® and Q' (s # t) are subjected to the same
probability distribution, they are independent of each other. For a specific realization w® € P,

the distribution function, such as a;jn(§,w?), Nj, (5, w®), N (&, w?®) are not periodic.

a1 aom
Therefore it is necessary to construct one new approach different from periodic cases to obtain

the homogenized coefficients and the equations.

Suppose that there are the homogeneous coefficients a;;ni(i,j,k,h = 1,--- ,n) on global

2 and {a;jnr} satisfies the requirement of lemma 1. Then (16) can be rewritten into

W10 [(oud(z)  Oul(x)
aijhk(&vw )58—%< EEn + D >
s 1 8Nasqhm(£7w ) 8N81km(£7 ) Walm(ﬂf)
+ b, )5< 0% 3 > oz

10



1 a s S S 8Wa1m($)
+ §a—€j(azghk(fvw JNay hm (&, @) Oy

1 a s S S 8Wa1m($)
+ §a—€j(azghk(5aw ING k(&5 w7)) By

8 S ]- 8N21a2hm(§7ws) aNélagkm(é-?ws) (]_7)
+ 8—& [amhk(ﬁ,w )5 < 8fk + 8fh >:| WQIQQm(:L’)
B &i'hkli oul (z) n oul () &i'hkli oul (z) n oul ()

J 2 al‘j 8$k 8$h J 2 al‘j 8$k 8$h
= fi(z)

0%ul (x) . o .
Now let W3 ,,m(7) = TS and rewrite subscripts in (17), owing to the symmetry
o o)

of the matrix (ajxn(¢,ws))nxn, We obtain

1 <8N;1a2hm(€’ws) + 8N§t1a2km

0 ,w’
{85. [aijhk(g’ws)ﬁ S )>] — Giagman T Giagman (§w*)
J

8§k agh
ON? . (§,w®) 9 0?ul ()
, sy__aabm>> ) 9 (- s V) o
+a7,a2hk(£7w ) 8§k + 85] (az]hozz(£7w)Na1hm(£vw )) }axalaxag
1o (ouh(zx)  Oud(x)\
+az]hk§%j< Dz + 9 > = fi(z)

(18)

Further suppose that the vector valued function u’(x) is the solution of following problems

10 [(0u(z)  Oud(z)
aijhk§87j< Dy + D > = filz) €,
u(r) =1 x € 00

(19)

u’(z) is called as the global homogenization solution on 2, then the following equations can
be obtained:

1 <8N21a2hm(£7w5) + 8N21a2km

0 S (§7UJ5) “ B
{8—§] [az‘jhk(fvw )5 06, o6, )] — Giagmay + Giagman (&, w°)

ON? (f ws) 0 8%yl (x)
s aithm\>» s s s m
+ a 2hk(§ w ) agk + 85] <Cl jh 2(6 w ) 1h (S w )> }a$a18$a2
(20)
0% (x) N . .
Since T Or (1,0, m =1,...,n) are not always identical with zero and the material
a1 s

parameters in different screens are independent of each other, the equations (20) can be

11



changed into

0
75 [az’jhk(& w?)

1 8N;1a2hm(§7ws) + 8N;1a2km(§7ws) = Qs
2 06 ) foamen

8N§1hm(£7 ws) _ i
Ok, ¢;

In order to uniquely define N . ;.. (&, w®) in Q7 it is necessary to prescribe the boundary

(21)
— Qjaama (57 UJS) - aiaghk(§7 ws)

<aijha2(§aws) osqhm(£7ws)>

conditions. Here, as the same as in (14), let

élaghm(&ws) =0 g € aQS
Thus, for any w® €P | in each ()° one obtains the following problems

0 o1 8N;1a2hm(§,ws) 8N;1a2km

o, [%’ &y ( )
ON; ,w? 0

- aiaghk(&ws)% T % (aijha2(§7ws) osclhm(£7w8)>

Ngllthm(g?ws) = 0 g € aQS

(€’WS)>:| - diagmal — Gjasman (g’ws)

(22)
The equations(22) describe the basic properties of materials in each statistical screen 9Q°.
Therefore, the integration of the right terms of this equations in ()° ought to equal to zero.

It can lead to the following equations :

a s S aNosclhm(€7ws)
/[/ (Cliozzmaldf _/ aiagmal(f,w )dg —/ az‘aghk(f,w )8—d€
P s Qs QS gk (23)
8 S S S s
_/ —,<aijha2(§,w YN hm (& w ))dg]dw =0
Qs 85‘]
Considering the fixed boundary condition of equations(15), it is obvious to see
0
| e (s )N ) =0 2
Qs YSj

Let

ON? (€, AN (€,
o) =i [ (oo )+ ome (T 4 BES e

If the expectation value of a;j5,(w) exists, we can evaluate the expected homogenized coeffi-

cients by
M s
. =1 Gijhk(W
Qijhk = % (26)
So the following remains is obtained.
Qijnk(W*) = Qijnk — Qijne(w®)  in Q° (27)

12



We will prove that the expectation value of a;ju,(w) (w € P) exists in following section 5 in
this paper.

From the process of obtaining the homogenized coefficients a;;ps , it is easy to prove that
the matrix (a;jnk)nxn is the symmetry positive definite. Then homogenized problem (19) is
proper, it has an unique solution u’(z) from lax-Mligrim theorem and Korn’s inequalities,
and it is obvious to see u’(z) € H?(Q).

Summing up, one obtains the following theorem.

Theorem 2. The problem (1) of composite materials with the probability distribution of
e-periodicity (¢ << 1) has the formal approximate solution as follows:
ou’(z 0%ul (x
axil) + 52N31a2 WC{;%)@

u®(z,w, P) = uo(x) +eNjy, (§,w?) (& w?) + €3P(x,§,w, P) (28)

Where u”(z) is the solution of the problem(19) called as the homogenization solution, N%_(£,w®),
and N, ,, (§,w®) (a1,a2 = 1,...,n.) are the solutions of the following problem, respectively

(15), (22).

5 Some probability theorem in the composite materials with

random ellipse grains

According to section 3, the long axis a, the short axis b, the direction 6 of the long axis
and the center P(z¢,yo) of the ellipse have the following probability density functions f,(z),
fo(x), fo(x), foo(x), fyo(x), respectively. And the probability space of them are P,, Py, Py,
P,,, P,,.Then we can obtain the following theorem.
lemma 3. If a;ni (&, w), Noymn(§,w), and a;jpr(w) are the same random variable functions as
the above, then there exists one constant M; > 0 such that |a;jnr(w)| < My, for any w € P.
Proof : Owing to |a;jnr(§,w)| < My for any w € @, from (15), this equation has one
unique solution N, pm (€, w) € HY(Q) such that

[ Noynm (& W)l 1 (@) < Claijn(§, w)|p=(q) < CM2 (29)

where C and M are constants and independent of £ and w.
From (25) and (29), one can obtain

) 1 1 (ONg(&w)  ONj (& w)
|aijhk:(w)|:’@/IQ|<aijhk(§7w)+aiqu(§7w)§< hgkgq + h(gfp )>>d£|

1
< @(\Iaijhk(&w)llmo(@ + llaijne (€, W)l Lo @) [ Nayhm (&, @)l 1) (30)

1
< @\Mg + My x CMs||Q| = (C + 1)M3 = M,

13



where M; = (C + 1)M2 and M is independent of the &, w.

Theorem 4. If w is a random variable and a;;n;(w) is defined as the above. Then Ea;jn(x)
exists in the probability space P = (Py) x (P)N x (Pp)N x (Pyy)N x (Py)N

proof: From the probability density functions fq4, fi, fo, fzoand fy,, the united proba-
bility density function w = (a1, b1,01,21,y1,...,an,bN, 0N, TN, yN) iS

Faror 0rrongn (€)= o (@) - £V (@) f3V (@) - R (2) - f (@) (31)

From (31) and lemma 3, one can obtain

—+o0 —+o00
Eoaijnk(z) Z/&z‘jhk(w)dPZ/ / ijnk(T) fay by 01...xn yy (£)dT

P

+00 “+oo
< Ml/ / falyblvgly---:xvaN (x)da:
—00 —00

(32)
+00 +o0 +oo +o0
<M1/ / fgv(x)dx.../ / f(x)dz
—00 —00 —00 — 0o
< M,
Therefore there exist one unique expectation tensor values E,aijni(x) (4,7, h, k =1,2,...,n)

in the probability space P.
Corollary 5. If (Gijni(w®)) (4,7,h,k =1,2,...,n. s =1,2,....) have the expectation value

E,aijne(x) in the probability space and x is the random variable, one obtain

ni
> Gijhk(w®)
s=1 - 2 Eobijni(z) (ny — o) (33)

Proof: Set {a;jnr(w®),s > 1} are the independent and identical distribution random variable

and

ni
Sy = Y dijni(w®) (n=1,2,...).
s=1

Owing to theorem 3, |E,a;jnk(w®)| < 00, set an, = Euaijne(w') = a1, From Kolmogorov’classical

strong law of large numbers, one obtains:

S :
e 250 (n1 — o0)
n

Therefore we have Sn—’? X Epaijnr(w')  (ng —o0)i-e
1
2 ijnk(w®)
s=1
n

L Eyaijng(r) (n1 — 00)
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Remark 6. Here, we only give the proof of the domain with random grains in two dimension
case. For the domain with random grains in three dimensions, one only changes the 5 param-
eters into the 9 parameters to denote the ellipse, others are the same as above. Therefore,

the same probability theorems of three dimensions case also be obtained.

6 The procedure of MSA computation based on TSA

As for the multi-phase composite materials with random elliptical grain distribution stated
previously in section 3, its expected homogenized coefficients can be evaluated by the multi-
scale method based on TSA. It should be pointed out that for the large size range of grains
it is very complicated to numerically generate the grains distribution inside a typical cell
for each sample. In order to reduce the complexity of computation, according to the size
range of grains the grains will be divideded into m scales with the different probability
distributions. Then step by step by generating the grain and using TSA to evaluate the
expected homogenization coefficients in the algorithm of recurrence.

Now let us state the procedure of Multi-scale computation of the expected homogenized
coefficients for the composite materials with multi-scale random grain distribution as follows:

First suppose that material coefficients of matrix to be {a;;n}, material coefficients of grains
to be {a;;p,;.}

1. Calculate the expected homogenized coefficients @;;px(e™).

(a) Based on the statistics character of the m-th scale grains for V w® € P, a distribu-
tion model of grains is generated. and then material coefficients afjhk(g%,ws ) on
VQ*(e™) can be defined

Qiink, T € QS(e™

Qiink\ — ws = ~
1] (5m7 ) a;jhk) = QS(Em)

where Q%(¢™) JQ*(e™) = Q*(™) and Q*(c™) (N Q*(e™) = ¢,, Q%(¢™) is the do-
main of the matrix in Q*(¢™) and Q*(¢™) is the domain of of grains in Q%(¢™).
(b) From the material coefficients ajj,, (%, w®) (m = 1,2,...,r) and Ng (", w)
can be obtained on Q*(¢™) by solving the variational equation of problem (15) by
FE method. So the homogenized coefficients &ijhk(aim, w?®) can be calculated from

formula (26).

(¢) For w* € P, s = 1,2,...,M™, (a) and (b) are repeated M™ times. So M™

the homogenized coefficients @;jni (2, w®)(s = 1,2,--- , M™) are obtained. Thus
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the expected homogenized coeflicients a;;x1(¢™) for the materials with the grains

whose size is equal to and less than €, can be evaluated.

Mm™ .
D=1 afjhk(eimﬂws)

Mm

aijnk(e™) = (35)

2. Forr=m —1,m —2,--- ,1, calculate the expected homogenized coefficients G;;n(e")

successively and recursively:

(a)

Based on the statistics character of the r-th scale grains in the materials, a distri-

bution model of grains is generated for w® € P. From this model the distribution

T

function af;;, (5, w") of material coefficients inside @*(e") can be defined as fol-

lows:

x { aink(e™), x € Q(c") (36)

aijnk( = w®) = ~
er’ T z € Q%(e")

where Q%(e")JQ*(e") = Q*(¢") and Q°*(e")NQ°(e") = ¢, Q°(e") denotes the
basic configuration , Qs(s’”) the domain of matrix and Q*(¢") the domain of of
grains in Q*(e").

T

From the material coefficients aijhk(a—r, w?®) and the homogenized coefficients in the

r-th scale G;ju1 (5, w®) can be calculated as (b) in step 1.

For w® € P, s =1,2,...,M" the (a), (b) are repeated M" times. So M" homoge-
nized coefficients a;jpi (5, w?)(s = 1,2,--- , M") are obtained. Then the expected
homogenized coefficients @;jp1 (") for the materials with the grains whose size is
equal to and less than ", can be evaluated
MT .
2 s=1 Gijhi (57, w*)

aijhk(e") = G (37)

3. At last, the homogenized coefficients @jhk(sl) are the expected homogenized coefficients

of the composite materials in €.

7 Numerical experiment

To verify the previous multi-scale algorithm, the numerical results of the computation of
homogenized coefficients for one random distribution model of random ellipse grains in 2-D

case are given in this section.

In the example, we simulate the concrete made up of cement, sands and rock grains. In

this composite materials, rock grains have about 30 percents. This grains are supposed to be

divided into two scales Figure a , Figure b, according to the long axis of the grains shown in
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Figure 1, the length of whose statistic screen is e!, and €2 respectively. The long axis a ,the
short axis b, and the inclination 6 are subjected to uniform distribution in a certain interval,
shown in Table 1, and the Yongth module of the sand and the rock grains is shown in the
Table 2.

By the above specified data and the simulation method of the composite materials, the
material coefficient of grains in each screen for one sample can be easily generated. The

screen with 43 grains is generated as shown in Figure 2 and the domain with grains is

N7
‘,‘;W
ATt

. . . . . 1_
Figure 2  stones in ¢!-screen Figure 3  the triangle mesh in e -screen

Table 1  The UD of the sands and the rock grains in the screens

The sands The rock grains
0 [0, 27] 0 [0, 27]
a [0.03,0.08] a [0.3,0.8]
b [0.02,0.06] b [0.2,0.6]

Table 2  The material coefficients of cement—sands and rock grains

The concrete materials of sands The rock grains
8.41593E5 7.04189E5 0 2.9999E6 1.5000E6 0
7.04189E5 8.41593E5 0 1.5000E6  2.9999E6 0

0 0 6.8702E4 0 0 7.5000E5

Table 3  The expected homogenized results of each scale for UD

1.0950E6 8.3021E5 0
8.3021E5 1.0990E6 0
0 0 1.2942E5
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partitioned into FE set shown in Figure 3. We generate 50 samples at each computation step
of previous multi-scale algorithm in the screen. Then the expected homogenized coefficients
have been calculated by the procedure given in section 6. The detailed result is given in Table
3. It shows that the composite material of grain reinforcement with uniform distribution

characteristic has isotropic mechanics performance.

8 Conclusion

In this paper, we have given a MSA method to compute the mechanics performance of the
composite materials with random grain distribution. From the numerical result, the validity of
this method is obvious. The method can also be extended to deal with the composite materials
with the random short fibre materials, random foams/cavities materials, and physical field

problems related to them.
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